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Abstract 


The  measurement  of  the  types  of  ions  present  In  gaseous 
plasmas  and  their  beharlor  as  a  function  of  tim^,  gas  pressure, 
method  of  plasma  excitation,  etc.,  is  believed  to  be  a  necessity 
for  obtaining  conclusive  Interpretations  of  a  large  number  of 
]:dienonisna  occurring  in  these  plasmas.  The  theory  of  a  mass* 
spectrometer  of  the  quadrupole*f leld  type  is  given.  The  reasons 
which  led  to  the  choice  of  this  type  of  mass-spectrometer  for 
the  study  of  basic  collision  processes  occurring  in  gaseous 
plasmas  are  discussed  in  detail.  The  mass-spectrometer  can  be 
outgassed  at  a  temperature  of  400.°C  in  order  to  ensure  ultra- 
high  gas  purity.  Construction  details  of  the  mass-spectrometer, 
the  associated  electronic  equi;xnent  and  vacuum  system  are  included 
In  this  manuscript. 
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Chapter  1 
Introdootlon 

A  renewed  interest  In  the  study  of  basio  oolllslon  prooesses 
arose,  during  the  last  decade,  in  the  field  of  Plasaa  Physics.  This 
Is  nainly  due  to  the  realisation  that  an  understanding  of  the  basic 
processes  occurring  in  gaseous  plassws  any  be  of  use  in  fields  re¬ 
lating  to  a}  space-flight  physics,  b)  rocket  propulsion  technology, 
c)  couTersion  of  thernal  energy  into  eloctrical  energy,  d)  black¬ 
out  phenosMna  and  e)  production  of  energy  by  aeans  of  nuclear  fusion. 

As  a  consequence,  a  research  group  aotire  in  the  study  of  basic 
phenoaena  in  gaseous  plassws  has  been  established  at  the  Departsant 
of  Electrical  Engineering  of  the  Unirersity  of  Minnesota.  One  of  the 
min  goals  is  to  increase  the  understanding  of  the  physios  of  dis¬ 
integrating  plasms.  The  prooesses  detemining  the  rate  of  decrease 
of  the  charge  density  (electron  density)  aret 

1.  Reembination  of  electrons  with  positire  charge  carriers. 

2.  Diffusion  (in  moat  oases  asdoipolar)  of  charge  carriers 
towards  the  boundaries  of  the  plasm. 

3.  Attachmnt  of  electrons  to  neutral  particles  followed  by 
negatire  ion'^positire  ion  reoesbi nation. 

4.  Production  of  charge  carriers  during  the  disintegration 
period  (afterglow  period)  of  the  plasm  by  mtastable  atom-mtastable 
atoa  interactions. 

5.  Conversion  of  one  type  of  ion  into  another  type;  for  instance, 
the  conrersion  of  atomic  ions  into  solecular  ions  is  assumed  to  be  an 


important  process. 
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It  is  srldent  that,  wh«n  confining  the  studies  to  the  measure¬ 
ment  of  the  electron  density  as  a  function  of  time  during  the  afterglow 
period  only,  a  conclusive  interpretation  of  the  measurements  is  risky 
if  not  without  any  value.  It  is,  therefore,  necessary  to  measure 
various  quantities  simultaneously  and  to  combine  the  results  obtained 
with  the  different  measuring  techniques. 

In  order  to  aid  the  interpretation  of  the  complicated  |:^encmiena 
occurring  in  disintegrating  plasmas,  the  identification  of  the  type  ' 
of  ions  present  and  their  behaviour  oaring  the  afterglow  period  be- 
cones  a  necessity.  Therefore,  plans  were  made  for  the  construction 
of  a  mass-spectrometer,  which  has  a  resolving  power  sufficient  for 
distinguishing  between  the  various  typses  of  ions,  ccxnbined  with  a  very 
high  trananission  and  collection  efficiency.  This  mass-spectrometer 
will  make  it  possible  to  identify  the  tjrpes  of  ions  present  as  well 
as  their  rate  of  change  during  the  afterglow  period. 

This  manuscript  describes  the  developnent  of  a  quadrupole  type 
mass-spectrometer  which  meets  these  particular  requirements.  In 
addition,  the  other  advantages  this  type  has  over  the  more  onventlonal 
mass-spectrometers,  will  be  discussed. 

Since  1913,  when  J.  J.  Thomson  developed  the  parabolic  mass- 
spectrometer  employing  parallel  electrostatic  and  magnetic  fields, 
numerous  techniques  have  been  developed  for  mass  analysis  as  is 
apparent  through  examination  of  the  literature.  The  most  comnon  types 
of  mass-spectrometers  are: 

Magnetic  mass-spectrometers:  This  type  analyzes  the  mass  of 
monoenergstic  ion  beams  by  using  60°,  90°,  or  180°  homogeneous  sector 
magnetic  fields. 
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Tl—»»of-f light  — ■"■ptctro— tT«i  Thi»  typ«  utlllMs  th* 
prlnolpl*  that  th«  tlM  naadad  for  an  ion  with  apaoifie  anargy  to 
trararaa  a  drift  spaoa  is  aass  dapandant. 

A  rathar  naw  typa  of  a«BS-tpaetroaatar  was  daralopad  by  W.  Paul 
and  othars  at  tha  Unirarsity  of  Bonn,  OarsMny,  sinoa  1953.  This 
spadtraaatar  aaiploys  tha  *tess  filtaringT  prlnoipla,  produead  ahan 
injaeting  ions  through  a  quadrupela  rf  fiald  and  do  fiald  appliad 
simltanaously.  Tha  guadrupola  typa  spactrsaatar  was  ohosan  for  oar 
particular  applications  as  it  offars  tha  following  adrantagas  orar  tha 
othar  typas: 

1.  The  rasolution  of  tha  instruaant  is  rariabla  and  can  ba 
ohangad  vary  aasily  by  simply  changing  tha  ratio  oi  tha  appliad  dc 
Toltage  to  tha  rf  Toltaga  awplltudas.  This  makas  It  possibla  to 
ansura  maximum  afficiancy  and  hanoa  highar  sansitiTlty  throughout 

tha  antira  mass  ranga.  This  point  will  ba  disoussad  in  graatar  datail 
in  a  subsaquant  chaptar. 

2.  Contrary  to  tha  prariously  mantionad  typas  of  spaotromatars, 
tha  quadrupola  spsotromatar  offars  no  ralooity  discrimination;  only 
an  uppar  limit  axists. 

3.  In  contrast  to  tha  magnatio  mass-spactromatar,  tha  "mass 

filtar*  permits  operation  at  highar  residual  gas  pressures,  because 

tha  stability  characteristics  of  an  ion  are  not  changed  (at  least  to 

a  first  aji^oxlmation)  by  collisions  with  molaoulas  of  tha  residual 

gas  (disregarding  charge  exchange).  It  is,  therefore,  expected  that 

tha  line  broadening  caused  by  residual  gases,  as  is  known  from  magnetic 

mass-spectrometers,^  will  ba  substantially  lass  in  tha  case  of  the 

2 

quadrupola  spectrometer. 
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4.  No  aaTnotio  fiold  roquiroaontst  It  la  wall  ‘twn  that  atrav 
BMgnatic  fialds  graatly  disturb  tha  oondltlons  of  an  activa  at.  wall 
as  a  pasai ra  plasma.  Tha  quadrapola  spaotromatar  deas  not  smploy  a 
aagnatlc  field  thus  alltninatin?  tha  shielding  problaa  idiioh  becomes 
Tary  difficult  at  high  mass  analysis  with  magnatie  spaotramatars. 

So  It  will  be  shown  later  that  tha  injaotion  conditions  on  the 
-*^le  spectrometer,  and  especially  the  allowable  radial  energies 
are  quite  tolerable  tnus  ellir'*nating  the  need  for  slits  and  other 
oomplioatad  focusing  requirements.  Moreorer,  this  increases  tha 
efficiency  of  the  mass-spec tromebir. 

6.  The  quadrupole  mass-spec troamtar  described  hare  has  tha 
extra  feature  of  being  bakaable  thus  Insuring  operation  with  a  clean 
hlgh-racwum  system. 

The  aboTa  considerations  goTarnad  tha  decision  as  to  the  type 
of  spectrometer  to  be  used.  The  instrument  is  now  being  constructed 
at  the  Department  of  Electrical  Engineering  of  the  Unirarsity  of 
Minnesota. 
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Chapter  2 

Thaory  of  the  Quadrupola  Haaa-Spaotraattar 

2.1  tntrodactlon 

The  wm»»  filtering  notion  of  the  gaadrnpole  mia—epeotroaetar  ia 
based  on  the  behaTioor  of  the  solutions  of  the  ec^vations  of  aotion  of 
the  injeoted  oharged  partioles.  In  this  ohapter.^  m  will  first  obtain 
the  differential  agnations  of  aotion  of  the  injeewtad  partioles  aad 
then  prooeed  to  soIto  it  under  speoifio  eonditiorws  of  periodioity. 

He  will  then  disonss  the  general  theory  of  the  scwlntions  in  order  to 
be  able  to  uxiderstand  the  behayiour  of  the  solutlkoM  under  yariees 
applied  oondltlons  and  thus  deteruine  the  stabillL  ty  regions  essential 
for  the  operation  of  the  speotrosutor. 

2.2  Equations  of  notion 

The  application  of  a  voltage  (V  *  V  cos  «t)  «n  a  hyperbola* shaped 

quadrupole  shown  in  Fig.  2.1  results  in  the  estate liahnaent  of  a  potential 

distribution  within  the  quadrupole  region  idilch  c?  am  be  written^ as* 

2  2 

0  -  (U  +  V  cos  «t)  , 

where  r^  is  the  distance  from  the  origin  to  the  peolnt  of  interseetion 
of  the  two  rectangular  hyrperbolae  with  the  x  and  :3r  «xee.  Hence,  the 
electric  field  distribution  in  the  region  is 

“-2(11  +  7  cos  fcit) 

“  2(U  +  V  cos  wt) 


*We  neglect  end  effects. 


FIG  2  1 
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Ejj  -  0 

\fm  will  now  procood  to  analys*  tha  action  of  a  poaltlraly  ohargad 
partlola  Injaotad  In  tha  a-dlraotlon  Into  tha  alaotrlc  flald  raglon. 

Tha  aquations  of  action  of  a  ohargad  partlola  In  tha  x,  y  and  a 
dlraotlons  ara 

m  X*"  a  E  «  -2  a  (U  +  V  oos  at) 

u 

or 

inx-*-2a  (U  +  V  oos  wt)  ■  0 

m  y  -  2  a  (U  +  V  oos  wt )  ■  0 

and 

n  'i  ■  0 

or 

m  h  ■■  oonstanta 

Slnoa  tha  sign  of  tha  do.  ooaponant  of  tha  flald  In  tha  y- 
dlrcotlon  is  nagatlra,  tha  foroa  dua  to  this  oonstant  flald  axarts  a 
dafoouslng  Influanoa  on  tha  Ions  (tands  to  Inoraasa  y).  In  tha  x- 
dlraotlon,  howarar,  tha  partlolas  ara  foousad  by  tha  oonstant  oonponant 
of  tha  flald. 

It  Is  to  ba  notad,  howarar,  that  tha  ao  oomponant  of  tha  field 
donlnatas  tha  motion  of  tha  Ions  slnoa  tha  amplitude  V  Is  larger  than 
U  as  will  ba  illustrated  .later. 

Consider  the  motion  in  tha  x*dlraotlon: 

2  a 

2 
r 

o 


m  V  + 


(U  +  V  oos  wt )  X  -  0 


(2.1) 


Let  ut  ■  2  y,  so  that 
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and 


d  X 

d  t 


d^x 

dt2 


<!>  ^ 
2  dy 


«  ^  w  d  X 
2  dy  2  d  y 


2  ^2 


£x 

dy2 


Substitution  in  equation  2.1  qives 


A  *  (  a  «P  ^  2  .Y  ,  j 

rji  *  — 2  *  — 2  °°*  * 

dy  \  m  r  m  r  / 

'  O  O' 

f-4S  •  -4^ 

V  m  w  r  m  u>  r  / 

VO  o 


& 

dy^ 


X  “  0 


Denoting 


a  ■> 


fl  eU 

2  2 
m  (I)  r 

o 


and  q 


4  eV 

2 

m  (I)  r 


gives 

.2 

— —  ♦  (a  2q  cos  2y)  x  •  0  .  (2.2) 

dy^ 

Following  the  same  procedure,  one  can  easily  find  the  equation  of 
motion  in  the  y-direction  to  be 

.2 

— \  -  (a  +  2q  cos  2y)  y  -  0  .  (2.3) 

dy2 

Equations  (2.2)  and  (2.3)  describing  the  motion  of  the  charged  part¬ 
icles  in  the  field  are  "Mathieu  type  equations'*.  The  behaviour  of 
the  particles  is  thus  determined  by  the  properties  of  the  solutions 
of  those  equations. 
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The  Mathl«u  aquation  is  a  linaar,  aacond  ordar  diffarantial 
aquation  with  constant  pariodic  coaff icianta.  Mathiau,  in  1868, 
whila  datarmininq  tha  Tibrational  BK>dea  of  a  atratchad  ambrana 
haring  an  alliptioal  boundary,  obtainad'an  aquation  of  tha  fom 

d2y 

+  (a-2q  ooa  28)  r  ■  0 

d8 

This  aquation  ia  conaidarad  to  ba  tha  norauil  fora  of  a  Mathiau 
aquation.  Wa  will  apply,  in  our  casa,  tha  nonaal  fom  and  procaad 
to  aolra  tha  aquation 

d2_ 

— ^  +  (a-2q  coa  2y)  x  -  0.  (2.4) 

dy 

Wagatira  raluaa  of  q,  or  a  phaaa  ahift  of  +  ^  appliad  to  ^uatlon 
(2.4)  yialds  tha  aquation  dasoribing  tha  notion  of  tha  ohargad  particlaa 
in  tha  x-diraction.  Nagatira  raluaa  of  "a**  yiald  tha  aquation  for  tha 
notion  in  tha  y-diractlon. 

2.3  Pariodic  solutions 

Tha  solution  of  aquation  (2.4)  takas  diffarant  foms  according 
to  tha  raluaa  of  "a"  and  q.  For  tha  prasant,  wo  shall  confino  our 
attantion  to  appropriata  solutions, • pariodic  in  y,  with  pariod  n  or 
2tT.  Ona  should  nota  that  tha  solutions  to  bo  obtainad  ara  by  no  naans 
ganoral  solutions,  but  will  sarra  as  a  guiding  llna  towards  undarstandlng 
tha  ganaral  baharlour  of  tha  solutions  which  will  follow  later.  As  a 
consaquanoa  of  tha  parlodiclty,  "a"  has  dafinlta  raluas  oellad  Char* 
aotoristic  Nunbars. 

Whan  q  «  0,  tha  solution  of  aquation  (2.4)  boconas  quite  sinpla 

and  will  include  tarns  in  sin  »x  or  cos  nx,  idiaro 

2 

a-m  ,  n-1,2,3,  ate. 
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W«  shall  adopt  the  convantion  that  th«  coafflciant  of  cos  mx  and 

2 

sin  RLi  is  unity  for  all  q,  without  any  loss  of  qanarality,  since  we 
will  discuss  each  type  of  solution  separately. 

When  q  ^  0,  for  the  solution  of  equation  (2.4)  to  have  period  rr  or 


a"  is  to  he  a  function  of 


d 


3 


Ut 


m 


ttjq 


To  illustrate  a  roethod  of  finding  a  particular  solution  we 
2 

take  a  ■  m  -  1 
For  ® 


1  +  a-q  +  o.,q 


2.3.1  Cosine~8erles  solutions 


Let 


X  ■  008  y  +  q  Cj  (y)  +  q^c^  (y)  ♦  -  -  -  ,  (2.5) 

since  the  solution  reduces  to  x  *  cos  y  %d)en  q  ■  0. 

Thus 

x"  »  d^x/dy^  ■  -  cos  y  +  q  Cj"  +  ^^®2”  *  "  “  “  ”  * 


where 


d^c 

«i"  “  “i 

dr 


Hence 


2 

ax  «  cos  r  cos  r)  <5  (^2  *•'  ^  0*2  ^ 

Substituting  into  t^.guation  (2.4 )  and  equating  coefficients  of  like 

powers  of  q,  we  get 

o  ^ 

q  :  cos  r  •  ^08  y  »  0 

q^:  +  Cj  -  cos  3r  +  r  * 
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H«nc« 


Kh«r« 


(D  +  1)  Oj^  ■  cos  3v  -  (Oj^-1)  cot  Y  » 

D  •  ^  and  , 

dr* 

Tho  particular  intagral  for  tha  taoond  tars  on  tha  right  hand  eida,  ris. 
(Oj-l)  cos  Y  giTos 

i  (aj-l)  y  cos  r  , 

^ich  it  nonperiodic. 

Thus 


■  1  and  Cj*  Sy 


so  that 


"  cos  3y  _  .1 


'1  9-1 


cos  3^  f 


siailarly,  equating  tha  coefficients  of  q  aa  gat 


Hence 


c"  +  Cj  +  Oj^Oj  »  2Cj  cos  2y  +  cos  y  -  0  • 


Og"  ®2  "  8  *  ^8  *  ®2^  y  “  0 


Following  tha  sane  reasoning,  we  obtain 

1 


so  that 


2  8 


Cg*'  +  °2  *  i  “  8  °®* 


or 


°2  "  ’  64  ^  ik 


cos  5y 
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Proceeding  in  the  sane  manner  for  higher  orders  of  q  we  obtain  the 
coefficients  a  and  c  and  upon  substitution  in  equation  (2.5)  we  get  a 
solution  of  Mathleu^'s  aquation,  periodic  in  y  with  period  2Tr.  It  is 
denoted  by  oe^(y,q)  and  represented  by  the  series 

1  12  1 
oej^(y',q)  ■  cos  V  "  g  <T  cos  ^  q  (-  cos  y  j  cos  Sy) 

15/1  «  4  c^l 

"  512  ^  3  "  9  ^^18 

^  1  4  ,11  ,  ^  1  cl  e 

^  4096  ^  6  CO*  5y  “  12  cos  ly 

+  7^  cos  9y)  +  0(q®)  , 


The  ralue  of  "a"  necessary  to  yield  this  solution,  i.e.^  the 
Characteristic  Number  is 


The  notation  ce  (y,q)  signifies  a  cosine  tirpe  Mathieu  function  of 
order  m,  which  reduces  to  a  multiple  of  cos  my  when  q  >  0.  It  is  clearly 
seen  that  there  is  an  infinite  number  of  solutions  of  this  form  which 
are  eren  periodic  functions  in  yo 
2o3.2  Sine-series  solutions 

2 

Considering  the  case  that  m  ■  1,  but  now  assume  a  solution  of 
the  type 

2 

X  ■  sin  y  +  q  8j^(y)  +  q  s^Cy)  + 


and  proceeding  in  a  manner  similar  to  that  adopted  in  section  2.3.1 
we  obtain  a  sine  type  of  Mathieu  function  designated  8e^(y,q)  as 
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1  12  1 
-  sin  r  ^  64  *  s 

"  512  ^3  “^"  ^  9  ^  fs  •^" 

^  4^  (  "  1^  sin  3r  ^  I  sin  5r  +  fj  sin  7r  +  ^  sin  By) 

*  O(q^)  , 


proTldsd 


.  12^1  3 

1-^  “  ^  q  +  gy  q 


1536 


q  " 


11 

36864 


q^  +  0(q®) 


2e3<>3  Solutions  of  hlgrhsr  ordsr 

0ns  can  procssd  In  a  similar  mannsr  to  sraluats  ths  solutions  of 
Mathlsu^s  dlffsrsntlal  scruatlon  for  1  and  also  compute  ths  Char¬ 
acteristic  Numbers  a,  .  b_  corresponding  to  solutions  ce^Cy^q)  , 

In  in  ni 

r^spectlrelyo 

Om  obtains  ths  following  Talues 


a 

o 


1  2 
2 


29  6  68687  8 

2304  ^  "  18874368  ^ 


0(q 


10 


) 


b 


1 


i-q  - 


1  2 


1  4  _1 _  5 

1536  ^  '  36864 


49  6  55 _  7  265  8  9. 

*  589824  ^  ”  9437184  "  113246208  ^  ^  ‘ 


a^  :  replace  q  by  '^q  in  the  expression  for  b^ 


b 


2 


a 


2 


^  1  ^ 
4  -  Y2  q 

5  4 

289_ 

■  13824 

79626240 

.  5  2 

4  -  -jq 

763  4 

1002401 

"  13824 

■  79626240 

Q  1  2 

*  •  16  0 

i  3  . 

13  4 

64 

20480  ^ 

609 

164857600 

q^  ‘  Otq®' 

6 


q 


21391  8 

4586f7142400 


+  0(q^°) 


6 


q 


1669068401  8 

458647142400 


+  0(q^°) 


5  5  1961  6 

16384  ^  "  23592960  ^ 


13 


a,  i  raplaea  q  by  in  tha  axprasaien  for  b, 


•4 


16 


16 


25 


i- 

10049 

30  ^ 

864^  ^ 

2721600000 

1  2 

I  J 

5701 

30  ^ 

864000  ^ 

2721600000 

11  ^4 

1  5 

48  ^ 

774144  ^ 

"  147456  ^ 

®  +  0(q*) 
®  +  0(q®) 


37 

891813888 


6 


q 


+  O(q^) 


tg  :  raplaca  q  by  -q  in  tha  axpraasion  for  b. 


K  -  4.  1  ^  187  4  5861633  6  ^  8, 

“6  70  43904000  ^  "  92935987200000  ^  ^ 


^  1  2  ^  187  4  ^  6743617  6  ^  8. 

*6  "  70  ^  43904000  ^  92935987200000  ^  ^  ) 


Whan  7,  tha  followlnq  formala®  ia  oorraot  up  to  (and  inclodlnq) 

tha  tann  in  q® 


2(m^-l) 


58®+7_ 


32  (1 


1^-1 )®  (I 


■4) 


.  9«*  >  58a^  4  29  6  ^ 

9  s  2  2 

64(m^~l)^(«  -4)(m  -9) 


Thaaa  fomulaa  ara  usad  to  calculata  "a*  whan  q  is  adaquataly  ama’  1 
and  of  aithai  sign.. 

It  should  also  ba  notad  that 

1„  Tha  functions:  ca^^  ,  **2n+2  ara  pariodic 

with  pariod  tt„ 

2»  Tha  functions:  c®2n+l  '  **2n+l  ara  pariodic 

with  pariod  211^ 

All  tha  above  functions  have  n  raal  saros  in  tha  ragion 
0<y<(TT/2.. 


3 
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Ine«^  ha*  tabolatad  th*  rala**  of  a  ,  a,  -a.  and  b,  ,  b.-b.  in 

o  X  o  X  Zb 

tho  ran^  q  >  0  •  40  to  10  sianlfloant  figuro*.  Plotting  th***  r*- 
■vlt*  in  Cart**ian  ooordinat**  yi*ld*  th*  chart  ahown  in  Fig.  2.2. 

Upon  oxaaining  th*  ohart,  on*  arrir**  at  th*  following  oonalu*ion*t 

a.  Th*  chart  i*  *]nn*trical  about  th*  a-axi*  and  *o  ar* 
th*  oharact*ri*tio  cutt**  a^^  and  l>2n+2  * 

b.  Charactarlstic  curv**  •jn+l  ^2n‘<-l  **1'''**'^'^°*^* 

c.  ^o*pt  for  th*  a^  curr*,  *ach  charactarlstic  cutt*  intar- 
**ct*  th*  q-axi*  twica,  i.*.,  *a«h  cutt*  ha*  two  naro*. 

d.  Two  charactarlstic  curra*  do  not  intarsact. 

2.4  Oanaral  thaory 

W*  will  now  procaad  tc  analys*  th*  sslutlons  axisting  in  th*  dif- 
farant  ragion*  of  th*  chart  of  Fig.  2.2.  In  order  to  b*  abl*  to  arrir* 
at  a  coaplat*  understanding  of  th*  different  types  of  axisting  solutions, 
w*  arast  first  discuss  th*  general  thaory  of  Mathiau-typ*  solutions 
(functions),  deducing  th*  regions  of  stability  and  instability  and  there¬ 
by  arrlring  at  th*  basic  understanding  of  th*  aass  filtering  action  upon 
which  th*  sMss-spectrosmtar  oparatas. 

2.4.1  Solutions  with  period  n 

Th*  following  discussion  applies  to  any  linear  differential  aquatic,., 
of  th*  second  order  with  single-ralued  periodic  coefficients,  an  exasipl* 
of  idtich  is  the  Hathleu  equation  in  question. 

yj^ty)  <ind  y2(y')  ^ny  two  periodic  solutions  which  constitute 
a  fundaswntal  system,  th*  complete  solution  is 

y  •  ^yj(r)  +  By^(r)  • 

If  the  period  of  each  of  th*  solutions  is  n,  then 
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yj(r^)  «nd  y^Cy^) 

•r«  also  solotlona.  In  aoeerdanc*  with  tha  theory^ 
y^Cy+n)  -  o^Titr)  + 

Tjtr+ir)  -  Pjy^fr)  * 

whara  '  ^2  '  '  ^2  '  datarwinabla  from  tha  con- 

dltlona  at  y*  -  0  say. 

Thus 

y(r+tT)  ■  Ayj(y+IT)  +  Byj(>HTT) 

ViW  *  Vs'^'U  *®  [[Vi'’'* 

*  Vj'’'*] 

-  (Aa^  ♦  Bpj^)  y^(r)  +  (Aa^  +  Bp^)  y^iy)  • 

If  a  constant  ^  could  ba  found  such  that 

(Attj^  +  BPj)  -  0  A  and  (Aa^  +  Bp^)  -08 
than  wa  can  writa 

y(r*Ti)  -  0y(r) 
or 

A(a^<*0)  +  BPj^  ■  0 

crirlnd 

-  A/B  -  pj/(aj-0) 
and 

Attj  +  Bpj  -  0B 

glvind 

.£2ziS  . 

a« 


-  A/B 
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Th«« 

0.-0)  3, 

mmmJmmmmmm  m  tmmmmmmam 
®2  '*1^ 

or 

0*  •  («2  ■*■  ^2^  ^  *  ^®1^2  ”  ®2^1^  ■  0  • 

®1  '  ®2  '  '  ^2  '  ^  ooolly  dotorainod  froa  initial  oonditiona, 

hoaoo  obtaining  tho  roqnirod  raloos  for  #. 

Conaidoring  Kathion's  agnation,  lot  tho  oonatant 

^  MW 

0  ■  • 

idioro  M  is  a  nuabor  dopondont  upon  tho  initial  oonditions  and  tho 

paroMtora  *a*  and  q. 

Dofiao  also  in  ganoral* 

#(r)  -  o"^^y(r)  , 

nhieh  inoorporatos  tho  tiao  dopondonoa  of  #  throng  y. 

Thus 

0(r*iT)  ■  y(rwT) 

•  0y(y)  ■  o"^^  y(y)  -  #(y)  , 

so  that 

0(y)  is  psriodie  in  y  with  poriod  n. 

Sinoo  y(y)  is  a  solntion  of  tho  typo  of  difforontial  aquation  undor 
considoration,  it  follows  that  o^^  #(y)  is  also  a  solution. 

Coaploto  solution  of  tho  aquation 

By  Tirtuo  of  poriodieity  n,  taking 

t(r)  -  I 


^ho  solution  is  dofinod  in  this  fora  for  oasior  aanipulations  sinoo 
Fourior  oxpansion  will  bo  appliod  lator. 
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•ad 

In  9«n«ral,  a  a,^  real  and  ^(y*)  la  a  fonaal  aolution  of 

Mathlou'a  aquation.  Slnca  tha  aquation  la  unohanqad  whan  raplacinq 
y  by  “Yt  a*^^  0(*t)  la  an  Indapandant  aolution,  proridad  a  ^  0  or 
whan  a  -  0,  P  la  nonlntaqral. 

Tha  oonplata  aolution  of  Kathiau'a  aquation 


d2 

+  (a*2q  coa  2y)  y 

dr 


la  tharafora 


r(r)  ■  A.'*’'  r  t 


(2.S) 


A  and  B  ara  arbitrary  oonatanta  araluatad  from  Initial  conditlona. 

Upon  axamlnlnq  tha  aolution  obtalnad,  ona  can  raadlly  aaa  that, 
alnoa  tha  auMation  tarma  ara  both  pariodlo,  tha  atablllty  of  tha  aolu* 
tion  will  dapand  on  tha  ralua  of  u.  Thraa  oaaaa  ariaa 
1.  |x  raalt  y(y) — »  ooaa  0  — »  co  . 

Tha  flrat  part  of  aolution  la,  tharafora,  unatabla  and  tha 
aacond  part  la  atabla.  Tha  oomplata  aolution  la  thua  unatabla. 
^  oomplaxt  l.a.,  *  a  10  and  a  ^  0  , 

ao  that 

y(y)  — a  00  aa  y — »  oo  (aolution  unatabla). 

(1  «  IBt  wa  obtain  tha  atabla  aolution 


2. 


3. 


,(r)-At  o,  ,  be  . 

'  2r  2r 

r  r 


If  P  la  a  rational  fraction  p/a,  tha  auanatlon  tarma  ara 
both  pariodlo,  with  pariod  2an. 
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Wh«n  8  la  irrational,  tha  aolatlan  it  eaeillatery,  bat  beandad 
and  non-Pariodio .  i.a.^tha  aelntlon  navar  rapaata  itaalf  at 
any  tiaa  intarral. 

In  aotual  applleationa,  it  ia  poaaibla  to  arranga  that  (x  h* 
aithar  raal  or  imqrinary,  bat  not  ooaq|)lax  and  that  0  ^  8  ^  1 
for  oonranianoa. 

2.4.2  Solutiona  with  pariod  2tT 

Taka  2tT  to  ba  tha  pariod  of  0(r},  than 
|i(-n)  -  p(tt) 

y("n)  •  0(>tt)  and  yCtr)  ■  a**^  0(tt) 

ao  that 

y(n)  -  y(-fT)  -  0  • 

Siadlarly 

y'(n)  -  y'C-n)  -  0  . 

Subatitating  y  ■  Ayj^(y)  +  By2(y‘) 

9irat 

ACy^Ctr)  y^(-n))  +  B  (yg^^)  ygf-n))  -  0 

and 

A(yj»(tT)  -a"^^”yj'(-n))  +  B  {y^>{ix)  -a*^**”  y^'C-n) )  -  0  , 
For  A  and  B  nonaaro,  wa  gat 


whara 


,4mT  D  ,24TT  ^  ^  .  0  ^ 


D  -  yj(-tT)  *  yj(TT)  yg'(-n)  yj'(n)  -y2(TT)yj'(-n) 


”  yj^(TT)  yg'Cn)  “y2(tT)  y^'Cn) 


yi(-tr)  yg'(-n)  -y^t-rr)  y^'C-n) 


and 
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Thus 


cosh2ttn  “ 

2C^ 

This  squation  is  also  valid  for  period  ntr  2).  This  equation 

determines  the  value  of  4  onoe  the  initial  conditions  are  known. 

To  make  u  either  pure  real  or  pure  imaginary  ■  ip;  0  p  ^  1), 
when  the  parametric  point  (a,q)  lies  in  certain  regions  of  the  (a.q) 
plane,  it  is  essential  that: 

In  the  solution  y  ■  e^^  0(y)»  dCy)  should  have  a  period  of  2n 
instead  of  n.  This  follows  from  a  close  inspection  of  equation  (2.6). 
The  results  previously  obtained  are  applicable  if  for  tt  we  write  2n, 
take 


0{y) 


'2r+l 


(2r+l)yl 


and  also  change  2r  to  (2r-*-l)  in  all  the  infinite 
The  form  of  solution  when  |i  >  iP;  0  P 
y^iy)  -  A  I  Cg^  coo  (2r+P)r 


series. 

1  is,  therefore/ given  by 
(2.7) 


and 


so  that 


y^W)  =  B  Z  Cgj.  sin  (2r+p)r  ,  (2.8) 

r 

y(y}  »  A  Z  o  cos  (2r+P)y  +  B  Z  c.  sin  (2r+P)y  . 


The  Initial  conditions  are  substituted  to  determine  the  arbitrary  con¬ 
stants  A  and  B. 

2.5  Practical  form  of  solution* 


*This  method  is  Introduced  at  this  stage  since  it  was  found  to  be  the 
best  method  by  which  we  could  fully  determine  and  understand  the  stable 
and  unstable  region  of  the  a-q  plane. 
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A«  pr«Tlott«ly  Illustrated,  from  the  theory  of  linear  differential 
aquation^one  knows  that  the  solution  is  of  the  type 

y  -  Ae**’'  #(r)  ♦  f  (y)  ,  (2.9) 

where  A  and  B  are  arbitrary  constants,  p  is  a  constant  depending  on 
the  paraaeters  "t"  and  q  of  the  differential  equation.  The  functions 
#(y),  ^  (y)  are  periodic  in  y.  For  certain  ralues  of  ''a*'  and  q,  the 
constant  p  rani  shea,  and  the  solution  y  Is  then  a  purely  periodic 
function  of  y,  but  in  general,  p  is  different  froa  scro. 

VIhile  the  general  character  of  the  solution  froa  the  function 
theory  point  of  riew  is  known,  its  actual  analirtical  deteraination 
presents  great  difficulties.  The  chief  iaqpedia«nt  is  that  the  constant 
p  oanaot  readily  be  found  in  terns  of  "nl*  and  q. 

Whittaker^  has  solved  this  difficulty  by  introducing  a  new  paranater 
in  place  of  "a*  which  is  denoted  by*  a.  The  parsneter  p  whose  value  is 
required,  and  the  parsnater  "a*  itself  will  be  expressed  in  terms  of  a 
and  the  parsmeter  q,  so  that  when  and  q  are  given,  a  could  first 
be  found  and  then  find  p  from  a  and  q  and  ultiaately  obtain  the  solution 
y  of  the  equation. 

As  previously  illustrated,  the  periodic  solution  of  the  equation-- 
is  a  fora  of  Fourier  infinite  series  expansion.  This  fora  of  series 
suggests  tha'*  they  aay  be  degenerate  cases  of  a  general  solution  of 
Mathieu's  sedation^  having  the  fora 

yj  -  e**^  u(y,a) 


*Note  that  a  is  a  parameter  here  and  not  the  constant  previously  em¬ 
ployed. 
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XI  ■  «ln(yMi)  ♦  Sj  sin  (3r-a)  +  Sg  dnCSy^a)  +  -  -  -  - 


+  Oj  ooa  (3y^)  +  Cg  co«  (Sy^a)  ♦  -  •  -  «  , 

iduir«  a  is  a  naw  paraastar. 

Undar  this  dafltiltlon,  tha  two  solutions  and  will  corraspond 
to  patting  a  -  0,  and  a  *  it/ 2  raspactiraly  in  tha  abova  ganaral  solution. 

It  is  also  obsarrad  that  thara  is  no  tara  in  oosCy^a),  this  raally 
oonstitutas  tha  dafinition  of  a.  Tha  possibility  of  obtaining  sarias 
xdiich  raaain  oonxrargant  for  all  raal  raluas  of  a  dspands  on  oxir  ohoosing 
a  in  this  aannar.  Tha  ooaffioiant  of  sin(y*a)  is  takan  to  be  unity,  which 
aaounts  to  fixing  tha  arbitrary  constant  by  which  tha  solution  is  aultipliad. 

Sinoa  a,  q  and  a  ara  intarralatad,  wa  assuas 

a  ■  1  +  q.fj(a)  +  q^f^Ca)  ♦  q^fg(a)  ------ 

and 

2  3 

u  ■  ggj(tt)  q  ^ 


and  taka 


xdiara 


u(y,a)  •  sin(y-a)  + 


qhj(r#a) 


+  q^hjCna) 


- 


f,  g  ara  functions  of  a. 

h  ara  pariodic  functions  of  y,  a  (periodiio:  iii>y). 

Substituting  thasa  axprassions  in  Mathiau's  diffarantial  aquation, 

o  1  2 

aquating  coafficiants  of  q  ,  q  ,  q^,  -  -  -  -  to  saro  and  applying  tha 
pariodicity  raqulr«sant  wo  obtain  tha  raluas  for  tha  f,  g  and  h  functions 
and  wa  find  that* 


*It  is  notad  that  tha  ganarality  of  tha  solution  is  not  affactad  by 
assuaing  tha  sina  saries  axpansion,  slnca  tha  cosine  sarias  is  incorporatad 
in  tha  ralua  obtainad  for  "a"  as  shown. 
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a  ■  l«q  cot  2a  +  j  q*(-l  +  ^  cot  4a)  ^  ®®*  2a 

*  <>*<1  -  n  '">■  -  fe  •'‘'5  >“  -  its 

‘  ?n5  ^  ^  "»•  •“> -  '*•“> 

2 

■  l-q  cot  2a  -  |i  +  qtj 

U  -  -  i  q  •!«  2a  •  jIj  q*  •in  la  -  q*  tin  4a 

■  4k  •*"  **  ■  I 

*  iek 'IF  •*"  «*  -  r  •*" »«)  * - 

■  4  q(**in  2a  ♦  c.) 

Alto 

■3  “  ■  ?  *»  *  64  ■  SH  ¥"  *  ® 

+  4096  ®®"  2a  +  7  cot  6a)  +  --••• 

®3  “  64  *  sfl  ^ 

+  9  tin  6a)  +  -  -  -  . 

12  1  3  .  1  4,  155  82 

*S  ■  H2  "  ‘  1152  ’’  *“  *  40«e  ”  '■  54  *  27  “*  <“>*■* 

°5  ■  •  1354 *  jsni  0^  «•  w  * - 

*7  ■  ■  ke  '»’  *  49152  ««•  2“  * - 

°7  ■  442268  •!”  2“  *  - 
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II  m  rr  m  m  m  m 

®9  737280  ^ 

Net*  that  "a"  la  an  aran  function  of  a  whila  (i  la  an  odd  function  of  a. 
Thua  tha  aacond  Indapandant  aolutlon  of  Mathiau'a  aquation  takaa  tha  form 

Vj  ■  u(y,“a) 

and  conatltuta  a  fundamantal  syatan  and  tha  oomplata  aolutlon, 
with  two  arbitrary  conatanta,  la 

y  »  Aa^^  u(y,a)  ♦  Ba  u(y, -o)  (2.12) 


It  la  claarly  aaan,  now,  that  whan  a»  -tt/2  than  p*  0,  Cj»Cg»  -  -  -  - 
and  tha  aarlaa  for  "a"  bao(»wa  that  prartoualy  obtainad  for  and 


1  „  1  2 

■  8  "  64  " 


1  „3  .  11  4  . 

1536  ^  36864  ^ 


Substituting,  wa  obtain  tha  aarlaa  for  oa^(y,q).  Similarly,  whan  a  ■  0 
wa  obtain  tha  aarlaa  for  8aj^(y,q). 

It  can  ba  ahown  that  thla  form  Of  aolutlon  will  diffar  from  that 
praTloualy  obtainad  through;  a  conatant  multipliar.  This  is  to  ba  axpactad, 
slnoa  tha  solution  of  Mathiau'a  aquations  must  ba  unlqua. 

2.6  Division  of  tha  (a,q}*-plana  Into  stabla  and  unstabla  ragions 
Rafarring  to  Fig.  2.2  which  shows  tha  portion  of  tha  plana  for 
which  tha  charactarlstlc  curves  b^  for  tha  Mathiau  functions  of 
intagral  ordar  hava  baan  oomputad,  wa  will  considar  tha  raglon  in 
Fig.  2.2  lying  batwaan  a^  and  b^. 

Tha  curve  a^  is  obtainad  by  substituting  a  ■  -tt/2  in  aquation 
(2.10).  Now,  if  a  ■  -tt/2  19  than  cos  2a  «  -  cosh  2a  whatever  tha  sign 

of  9  and  so  If  q^  0  is  fixed,  aquation  (2.10)  shows  that  "a"  inoraasas 
with  Increasing  9  until  b^  is  reached.  Now  considering  tha  curve  b^. 


-  24  - 


7 

It  has  b*«n  shown  that  this  curra  is  obtainad  by  substitutingr  a  »  0 
in  tha  axprassion 

a  -  4  +  j  q*  (j  -  j  oos  2a)  +  -  -  -  -  .  (2.13) 

If  wa  lat  a  -  0-«-i9  in  this  aquation,  it  is  saan  that  "a**  daoraasas  with 
inoraasinq  0  until  a^  is  raqainad.  Thus,  batwaan  a^  and  b^,  with  q^  0, 
a  is  oomplax  or  imaginary  dapandinq  on  idiathar aquatian  (2.10)  or  (2.13) 
is  employad. 

Taking  O’  *  2  substituting  in  aquation  (2.11)  for  ^  in 

tarms  of  a  shows  p  to  bo  imaginary,  (sin  2a  -  -isinh26). 

In  tha  raglon  batwaan  a^  and  b^,  tharafora,  tha  solution  of  Hathiau's 
aquation  is  stablo.  In  othar  words,  for  imaginary  or  coag>lax  quantities 
for  a,  starting  from  b2  and  a^,  raspaotiraly,  tha  solution  is  oonfinad 
to  tha  ragion  batwaan  thasa  two  ourras  irraspaotiTa  of  tha  ralua  of  9, 
tharaby  producing  a  stabla  solution. 

Wa  will  how  discuss  tha  third  possibility  of  raluas  a  could  hava, 
via.,  raal  ealuas. 

'  Starting  from  b^,  >d\ara  a  -  0  in  aq' ation  (2.10),  taking  a  to  ba 
raal,  for  q  ^  "a."  increases  as  a  daoraasas  until  >2  reached  where 

a  ■  -Tr/2.  Since  a  is  r.aal  in  tha  intaraaning  ragion,  tha  series  for 
4  will  show  to  yield  u  raal  and  hanoa  tha  solution  is  unstable  for  any 
point  (a,q)  in  this  ragion.  Starting  from  a^  with  raal  values  for 
a  will  also  show  that  batwaan  a^^  and  b^^,  an  unstable  ragion  exists. 
Following  along  the  Unas  of  tha  above  argument,  it  can  ba  shown  that 
tha  ragion  batwaan  (a  -  “n/2)  and  bj  (a  -  0)  is  a  stabla  ragion. 

It  is  thus  possible  to  divide  tha  (a,q)  plana,  for  q  ^  0,  Into 
Bonas  in  which  tha  solution  of  Mathiau's  aquation  corresponding  to  a 
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point  (««q)  Is  sithor  stsbl*  or  am cabls. 

On*  osn  also  fellow  a  similar  arquBont  for  0,  by  writing  -q 
for  q  in  the  proTlous  sarlas  and  hanea  dirlda  tha  antlra  (a,q)  plana 
into  stable  and  unstable  regions.  Tha  result  is  shown  in  Fig.  2.S. 
Conclusions 

1,  Vfhan  tha  point  (a,q)  with  q^  0  lias  between  a^^  , 

than  is  isMiginary  and  tha  two  solutions  of  Kathlau's  aquation  arc 
stable. 

2.  Vfhan  tha  point  (a,q)  with  q^  0  lias  batwwan  b^  ,  a^^ 
than  |i  is  real  prorldad  tha  appropriate  fom  of  solution  is  tcdcan  a. 
tha  cosqslata  solution  of  Mathiaa's  aquation  is  unstable. 

2.7  Form  of  solution  for  dlf ’arant  regions  of  tha  (a,q)  plana 
1.  Stable  solution; 

a.  q  sBWll  and  positira* 

Whan  (a.q}.lias  between  a^^  ,  ^2n+l  ' 
wa  taka 

yj(r)  -  I  (J.14) 

or 

y, (y)  ■  E  c-  oos  (2r+P)y  (2.15) 

1  ^  zr 

or 

yj^(y)  ■  aln  (2ny  -  a)  +  s^  a^n  (2y“a) 

+  s^  sin  (4y-a)  +  -  -  -  - 

+  Cg  cos  (2y-a)  +  cos  (4y-a)  +  -  -  -  -  ,  (2.16) 


*This  solution  is  practically  suitable  for  tha  case  whan  q  is  small,  l.a., 
tha  series  converges  rapidly. 


26  - 


th«ra  being  no  term  In  cos  (2ny^a),  e.g..  If  n»l,  c  •0. 

In  these  series,  P  is  reel  and  0  ^  P  ^1.  The  coefficients 
^2r  *  *2r  obtained  as  shown  previously. 

When  (a,q)  lies  between  a^^^^  ,  b^^^^  ,  the  first  solution  is 
taken  as 


or 


yJr) 


I  .(»r.l)n  .  ,iPr, 


(2.17) 


yj(r)  -  I  ®2r+l  ^2r+l+p)r 


(2.18) 


or 


yi(r) 


-  e^^^  lain  ^(2n+l)y-a^  +Sj  sin  (y-a) 


♦  Sj  sin  (3ya)  ♦ 


♦  Cj^  cos  (y-a)  ♦  Oj  cos  (3ya)  ♦  - 


,  (2.19) 


there  being  no  term  in  oos  [  (2n+l)y-aJ  ,  e.g.,  if  n-1,  0^*0. 

The  second  solution  is  obtained  by  writing  -  y  for  y  in  (2.14) 
and  (2.17),  sin  for  cos  in  (2.15)  and  (2.18)  and  -  p  for  p,  -  a  for  a 
in  (2.16)  and  (2.19). 


When  the  initial  conditions  are  specified,  all  forms  of  solution 
yield,  naturally,  an  identical  result  since  the  solution  is  unique, 
b.  q  moderate  and  positive 

Same  as  (a)  except  that  the  form  represented  by  equation  (2.16) 
and  (2.10)  is  usually  unsuitable  for  computation  when  0.4 
approximately. 
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2.  Un«tibl«  «oltttlont 

••  q  MMill  and  poaitir* 

Wi«n  (a,q)  liaa  batwaan  •2n-i-2  '  ^2n-«-2  aelntlen  la  takan 

aa' 

yj(r)  -  2  ^2r^^^ 

or 

yj(y)  ■  a^^^aln  (2ny-a)  +  a^  sin  (2y-a)  +  a^  aln  (4y-a)  +  “  - 

+  Cg  coa  (2y~a)  +  ooa  (4y-a)  +  -  -  -  -  ^  , 

ahara  a(raal)^0  and  raaArka.ln.l.Ca)  apply. 

Whan  (a,q)  lias  batwaan  b2n+l  '  *2n+l  '  Hrat  aolution 

ia  takan  aa 


r^tY) 


(2r»l)ri 


or 


yi(r) 


^(2r+l)y-a^ 


+  8^  sin  (y-o) 


+  Sj  sin  (3ya)  +•---• 

+  Cj^  cos  (y-a)  +  cos  (3y-a)  +  -  -  -^  • 


Hota  that  tha  pariod  of  02^(7*)  1®  ’dtila  that  of  02j.+i^7’)  ^®  2tt. 

b.  q  modarata  and  positivai  as  l.(b). 

3.  Any  solution  for  q  ^  0  f 

Raplaca  y  by  (tt/2  >  y)  in  tha  solution  for  q^O.  In  ethar  words, 
tha  obtainad  stability  ragions  ara  applicabla  to  nagatira  ions 
also  in  tha  mass-spactroaatar . 


2.8  fnnotloM  of  fraetional  ordor 

In  gonornl  th«  oporatlng  point  for  a  dafinad  ion  awst  will  lie 

within  tha  ragiona  of  atability  (or  unstability).  Also,  tha  solutions 

oorrasponding  to  oparating  points  lying  axaotly  on  tha  (a)  and  (b) 

linas  ara  quita  critical  and  ara  tharafora  not  quita  adaqruata  for  suiss* 

spaotroMtrio  purposes.  Tharafora,  wa  will  disouss  in  this  saction 

tha  solutions  of  fractional  order. 

A  Mathiau  function  of  fractional  order  p  is  that  which  satisfies 

Mathiau's  aquation  and  raduoas  to  oos  py  or  sin  py  idian  q  »  0,  i.a.^ 

2 

m  ■  p  . 

In  this  case  p  is  real,  positira  and  either  rational  or  irrational. 
AssuBlng 


cOp  (y,q)  ■  cos  py  +  Z  <l*^C^(y) 


(2.20) 


sa^  (y,q)  -  sin  py  +  Z  q*^s  (y)  (2.21) 

P  r  ' 

a  -  p^  +  Z  Aj.  q*" 
r 


and  proceeding  analytically  in  tha  sane  aiannar  as  in  section  2.3  wa 
obtain  tha  following  results 


eSp  (y,q) 


cos  py 


cos  (p  *  2)y  cos  (o  ~  2)y 
(p  +1)  ’  (p  -  1) 


32  ^ 


cos 

TT 


♦  iTTp+ry 


(p  -  l)  fp  -  2) 


(p^  •»  4  0  ♦  7)  oos  (o  ♦  2)y 
(p  -  1)  (p  ♦  D*  (p  +  2) 


(p^  -  4  0  7)  cos  (o  -  2)y 

(p  ^  1)  (p  +  1)  (p  -  1)^  (p  -  2) 


+  cos  (p  6)y  008  (o  -  6)y 

3(p  +  1)  (p  ♦  2)  (p  +  3)  ‘  3(p-l)  (p-2)  (0-3) 


(2.22) 
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‘no’ 


♦  -  • 


(2.23) 


.-p*. 


2(p*  -  1) 


q*  + 


(5p^  ♦  7) 
T  \xi  /-2 


32(p‘  -  D*  (p‘  -  4) 


9  o*  ♦  S3  0^^  ♦  29 


64  (p 


-  D®  (p*  -  4)  (p^ 


9) 


4  •  •  • 


(2.24) 


AM  ^ 

Th«««  fonralM  ar«  sult«bl«  for  ooapatotlon  ohon  q  /2(p  -  1)^  p",  p  ^  0, 

i.o.|tho  •orloa  oonTorqoa  rapidly.  Slnoa  *'a*  haa  tha  aaaia  ralua  for 
both  aoltttlona,  tha  ooaplata  aolution  baooaiaa 


y  -  A  ca^  (r,q)  +  B  aa^  (y,q) 


(2.25) 


idiara  A  and  B  ara  two  arbitrary  oonatanta  and  p  ia  non^lntaqral.  Alao 
nota  that  in  thia  caaat  p  -  ■'*■5. 

2.9  Application  of  tha  prarioualy  ontllnad  thaory  to  tha  Maa«apactroBMtar 
In  tha  maaa.*apaotroawtar  oaaa,  wa  ara  daallng  with  two  Hathlau  dif- 
farantlal  aquatlona  aiaraltanaonaly,  daaorlbing  tha  action  of  tha  oharqad 
particlaa  in  tha  x  and  y  diractiona  aa  pararloualy  ahown.  Tha  raquira- 
■ant  la  thoa,  that  both  aolutiona  (in  tha  x  and  y  diraotiona)  ba  atabla 
alsultanaoualy. 

Ut  ua  now  procaad  to  analyaa  tha  aquatlona  alHultanaoualy. 


and 


— T  +  (a  2q  coa  2y)  x  *  0 

dr 


dy* 


(2.26) 


(a  +  2q  ooa  2y)  y  •  0 


# 


(2.27) 
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Apart  from  tha  phaaa  shift,  ths  diffsrsncs  bstwsan  ths  two  aquations 
and  tha  noraal  fora  is  tha  fact  that  *a*'  in  aquation  (2.24)  is  nagatira, 
i.a.>  tha  aquation  of  notion  in  tha  y-diraotion  rasults  froa  substituting 
(-a)  in  aquation  (2.27)  (and  tha  phasa  shift  which  has  no  influanoa  on 
tha  stabla  or  unstabla  propartias  of  tha  solution).  Rafarring  to  tha 
(a,q)  chart  of  Fig.  2.3,  which  shows  tha  ragions  of  stability  for  tha 
solution  of  Mathiau's  aquation,  wa  obsarra 

1.  Equation  (2.26)  for  tha  x-diraotion  sotion  has  0  and 

hanoa  tha  stabla  solutions  of  this  aquation  ara  oonfinad  to  tha  uppar 
half  of  tha  chart. 

2.  Equation  (2.27)  for  tha  y-diraction  SK>tion,  has  0  and 

hanoa  tha  stabla  solutions  of  this  aquation  ara  thosa  of  tha  lowar 
half  of  tha  plana. 

Ona  can  now  aasily  datamlna  tha  ragions  idiara  both  solutions  ara 
stabla  by  slnply  folding  tha  plana  about  tha  q*axis.  Sararal  ragions 
of  stability  ara  obtainad,  tha  largast  of  idtioh  is  that  boundad  by  tha 
q-axls,  tha  a^  ourra  and  tha  b^  curra.  This  ragion  is  that  which 
datamlnas  the  operation  of  tha  nass-spactroaatar  and  is  hanca  of 
greatest  interest  to  us. 

Tha  first  step  will  be  to  plot  this  ragion  B»ra  accurately  using 
tha  formulae  for  a^  and  b^  obtainad  prariously. 


’2^ 


68687  ^8  ,  10. 

18874368  ^  ^ 


and 


V  1  12^13 

bi  -  1  -  q  -  8  q  *  64 


q®  +  0(q®) 


Slnc«,  in  this  r^^ion  0^  ons  can  naglact  tarms  in  pomrs  of 
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qy  4  In  bj  and  powar  of  q y  6  In  n^* 

Thns 

*o  "  2  128  "2354  (2.28) 

and 

bj  .  1  .  ,  -  1  ,*  *  i-  -  Jjj 

A  plot  of  aquationa  (2.28)  and  (2.29)  la  ahown  in  Fig.  2.4  in  which 
wa  diatingfuiah  four  different  regiona. 

Region  1:  Solution  for  x  atable,  aolution  for  y  unatable;  thua 
a  region  of  unatabl<>  particle  aotion. 

Region  2>  Bo‘:h  x  and  y  tolutiona  atable.  Hence,  idien  the  operating 
point  liea  in  thin  region,  the  particle  notion  ia  atable. 

Region  3:  Solution  for  x  and  y  unatable;  thua  Botion  unatable. 

Region  4t  Solution  for  x  unatable,  aolution  for  y  atable;  thua 
aotion  unatable. 

We  conclude  that,  if  the  paranotera  (U,  V,  n,  u,  r^)  for  a  apecific 
particle  of  XMaa  n  are  auch  that  the  operating  point  liea  within  region 
2  of  the  atability  diagram  of  Fig.  2.4,  the  aotion  of  the  f>artiole  ia 
atable  and  hence  it  will  paaa  through  the  quadrupole  field  attaining 
a  finite  amplitude  of  ribration  and  could  thua  be  detected  at  the  out¬ 
put  of  the  maaa-apectrometer.  If  the  operating  point  liea  outaide 
regie  n  2,  the  particle  will  oacillate  with  exponentially  Increaaing 
amplitude  and  will  erentually  be  loat  at  the  electrodea.  Thia  la  the 
principle  of  ''taaaa  filtering^  upon  which  the  maaa-apectrometer  operatea. 

Referring  to  the  original  equatlona  of  aotion  of  the  Iona,  dereloped 
in  aectlon  2.1,  we  defined  ''a*  and  q  aa  followa: 


O0>00N<X)ir)^fO  OJcM 

—  o  oo  dooo  2d 


lO 

C\J 

o 


o 


FI  G  8.4 
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a 


8  •  U 

2  2 
nr  fa) 
o 


(2.30) 


and 


4  a  V 

“  2  2 
mr  0) 
o 


(2.31} 


U  -  amplitude  of  applied  do  roltage 

V  «  amplitude  of  applied  rf  Toltage 

e  -  electron  charge 

(0  »  rf  fraquency 

»  field  radius 
o 

m  -  mass  of  charged  particles 

It  is  obserred  that  the  ratio  a/q  >  2U/V  represents  a  straic^t  line  in 
the  (a,q)  plane  in  Pig.  2.4,  and  passing  through  the  origin  with  slope 
2U/V,  therefore,  independent  of  the  mass  of  the  particle.  In  other 
words,  for  a  set  ratio  of  n/7,  the  operating  points  for  all  masses  from 
0  -  CO  will  lie  on  a  straight  line  through  the  origin.  It  is  thus 
erident  that  only  these  mass  ralues  which  lie  in  region  2  of  Fig.  2.4 
will  hare  stable  solutions  and  hence,  could  be  detected  at  the  output 
of  the  spectrometer.  As  the  line  approaches  the  Tertex  of  region  2 
(slope  increased)  the  number  of  masses  related  to  ions  having  stable 
orbits  is  decreased. 

The  slope  of  the  line,  i.e^  2U/V,  thus  determines  the  resolution 
of  the  mass-spectrometer. 

We  will  now  consider  region  2,  the  stability  region,  in  more 
detail  and  discuss  various  Important  parameters  pertaining  to  the 


motion  of  the  stable  ion  orbits. 
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Wa  hava  shown  that  (i  *  ip  in  the  stable  region  and  referring  to 
section  2.4.2,  the  general  solution  of  the  equation  of  motion  for  the 
charged  particles  in  this  region  is* 

x(y)  «  A  I  c-  cos  (2r  +  P)r  +  B  E  c„  sin  (2r  +  P)r  (2.32) 

r  ^ 


(0^  p  <^1) 


xCut)  «  A  Z  c  cos  (r+p/2)  wt  +  B  Z  c  sin  (r+P/2)  wt.  (2.33) 


It  is  to  be  noted  that  A  and  B  contain  the  initial  conditions^ 
i.Oe,  the  injection  conditions  of  the  ions^  whereas  the  coefficients 
and  P  depend  only  on  "a"  and  q»  Thus  the  paths  of  all  ions  of  the 
sasne  mass  differ  only,  in  their  motion,  in  the  constants  A  and  B 
corresponding  to  the  difference  in  their  initial  conditions  of  in¬ 
jection,  vlze,  x^,  t^,  where  is  the  initial  velocity.  They 
all  have  the  same  frequency  spectrum  of  vibration  *  Pw/2,  u)^  »  ( 1-3/2 )a), 
^2  *  ^  etc . 

Ions  of  different  mass  have,  on  the  other  hand,  different  values 
for  the  coefficients  c^^  and  3  due  to  their  different  operating  points 
in  the  stability  reaiont  The  frequency  spectra  of  their  motion,  and 
especially  the  fundamental  frequency  *  3^0/2  are,  therefore,  different. 
2.9.1  Iso-3*chart 

Referring  to  Fioe  ?.2,  it  is  noted  that  when  the  para¬ 
metric  noint  lies  in  a  stable  region,  equation  (2.24)  of 
section  2-B  may  be  adapted  to  calculate  3-'  When  0,  as 


*We  are  only  going  to  consider  from  now  on  the  solution  of  one  of  the 
two  equations  of  motion  since  the  stabilitv  is  not  affected  by  the  phase 
of  injection. 
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la  tha  eaaa  and  If  tha  oorvas  boundinv  tha  raglon  ara  n^doiiar), 
b^^j^Cnppar},  0,  wa  taka  p  -  and  fron  (2.24)  followa  ' 

.  .  1  2  .  (5o^  ♦  7)  4 

P®“  •  ^  9  S9  ^ 

2(p*  -  1)  82(p^  -  1)’  (p^  -  4) 


_ 9o*  . 

64(p*  -  ir  (P*  -  4)  (p*  -  9) 


d®  ♦  0(q®)  . 


(2.34) 


As  aantlonad  prarioasly,  this  formula  is  usabla  undar  tha  condition 
that  |a|  ^  I  q®/2  (p®  •  1)|  and  that  tha  ratio  of  aaoh  of  tha  tarma 

in  q  to  its  pradacassor  is  small.  For  a  first  approximation  wa  haTS 

2  2 
p  ■  a.  Insartinq  this  in  tha  tarm  in  q  and  oadttlng  tha  othars,  tha 

saoond  approxiantion  is 

■  2(a^-  1)  • 

Substituting  from  (2.35)  into  tha  saoond  tarm  on  tha  right  hand  sida 
of  (2.34)  and  p  •  a  in  tha  third  and  fourth,  yialds  tha  third  ap- 
proxiswtlon 


2(a  -  1)^  -  q® 


2 

q  • 


U(.  -  1)  (•  -  4) 


Sinoa 


2 


P 


9a^  +  58a  +  29  6  8. 

-  —  ■  I.-  q  0(q  J 

64(a  -  1)^  (a  -  4)  (a  -  9) 

2 

(m  8)  ,  wa  obtain 


8  s  a 


(a  "  1) 


2(a  -  D®  -  q* 


9a^  58a  29 


t  n 


32(a  -  1)'*  (a  -  4) 
6 


65(a  -  1)^  (a  -4)  (a  -  9) 
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proridad  no  donoainator  Taniahoa* 

Whan  tha  abova  conditlona  do  not  apply,  p  aay  ba  ealcnlatad  naing 

tha  oontlnuad  fractions  Mthod  as  dasorlbad  by  MoL^hlan.^ 

In  our  easa,  tha  ragion  of  intarast  for  tha  oparation  of  tha  auiss 

spaotr«aatar  lias  batwaan  a^  (foldad)  and  b^  of  Fig.  2.4. 

Considar  raglon  2,  tha  tagion  of  stability  of  tha  solution  to 

Kathlan's  aquation,  i.a.,  tha  ragion  botwaan  a^  (foldad)  and  b^.  In 

this  ragion  0^  P  ^  1  (p  ■  K'«-p), wa  procaad  to  oaloulata  for  any  assigned 

P,  say  0.6,  tha  "a*  for  q  Inoraaslng  from  sarc  in  small  steps,  and  tha 

points  plotted  gira  tha  oharaotarlstio  curve  P  -  0.6.  By  cc.  ."utlng  a 

series  of  curves  at  intervals  of,  say,  P  *  0.1,  wa  can  plot  an  iso>^- 

chart  of  tha  type  depicted  in  Fig.  2.5. 

These  iso*P  lines  will  prove  vary  useful  in  analysing  tha  line 

form  of  mass  peaks  as  >111  be  shown  later.  It  should  be  noted  that 

one  could  procaad  in  a  similar  manner  to  obtain  tha  iso-p  lines  in 

tha  unstable  regions  of  the  solutions  of  Mathlau's  aquation. 

2.9.2  Injection  conditions  and  maximum  asqplituda  of  vibration 

It  was  previously  mentioned  that  tha  st  ability  of  tha  path  of  an 

ion  in  tha  spactromatar  dapands  solely  on  tha  operating  point  (a,q) 

and  not  on  tha  ion's  injection  conditions.  But  for  «  stable  ion  to 

reach  tha  collector,  it  is  evident  that  tha  amplitude  of  its  vibration 

must  remain  smaller  than  tha  distance  r  of  tha  electrodes  from  tha 

o 

field  axis,  i.a..  x_^_  ,  y_.  ^ f  •  Since  tha  maximum  ai^lituda  of 

^  umX  luBX  ^  O 

vibration  dapands  on  tha  operating  point  as  >iall  as  on  tha  initial 
conditions  of  tha  ion  motion,  tha  influence  of  tha  injection  conditions 
must  be  investigated. 


FIG  *5 

ISO-^  CHART  O'P'1.0 
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Th«  ■axiana  aaplituda,  ebtalnad  from  •qoatlon  (2.33)  in  th« 
praTleus  aaotion  la  found  to  ba 

IWI  ■  \A^  •  jKri  •  '»•”> 

Ona  ahould  not#  that,  in  apita  of  tha  fact  that  tha  aolution 
xCy)  ia  not  axaotly  pariodio,  aftar  only  a  faw  ribrationa,  tha  actual 

Q 

ribration  anplltuda  rary  eloaaly  approaohaa  x 

RlftX 

Tha  oaloulation  of  ACy  ,  x  ,  x  )  and  BCy  ,  x  ,  1  )  la  baaad 

o  o  o  o  o  o 

on  uaing  tha  baaio  ayatama  of  aolutlona  x^(y),  and  ^^(y),  i.a.^ 

x(y)  -  Axj(y)  +  *  (2.37) 

Dlffarantiatlng  (2.37)  with  raapact  to  y,  and  inaarting  tha  initial 
condltlona  (x  ,  (~)  ,  y  )  in  tha  aquation  and  aubati toting  in 

O  O 

aquation  (2.36),  wa  gat 

I’-ttl  ■  W  J  hrl  • 

•  ('o*'  ■  ‘o'  •l''’'.”*  1  ^ 

whara  W  ia  tha  Hronaki  datamlnant,  and  x'  *  ^  . 

dy 

For  any  giran  phaaa  of  Injaction  y^  ,  x, (y^),  x-(y^),  x  '(y^), 

X2'(y^)  ara  conatanta  and  tha  quantity  undar  tha  radical  in  aquation 

(2.38)  ia  a  fourth  ordar  axpraaaion  in  x  and  x  '.  Equation  (2.36) 

o  o 

rapraaanta  an  allipaa  in  a  (x  ,x  ')  plana.  Satting  x  «  r  ,  thia 

o  o  no 

allipaa  oonnacta  all  pointa  (x^,x^')  which,  for  fixad  y^  ,  hara  tha 
aama  maximum  amplitude  of  ribration  r^.  For  different  phaaaa  of  in¬ 
jection,  a  family  of  allipaaa,  with  tha  parameter  y^  ,  la  obtained. 
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dalowlations  for  •  0  and  0  ■  0.2,  0.5,  0.8  wara  carriad  out 

by  Flaohar.^  Tha  raaults  ara  praaantad  in  fiff.  2.6. 

It  oan  ba  aaan  that  tha  BMxiaua  aaplltuda  largar  than  tha 

initial  ooordinata  for  all  phaaas  of  injaction  axcapt  -  tt/2,  id\ara 
thay  oould  ba  aqual.  Thus,  aran  in  tha  cantar  of  tha  stabla  ration,  i.e.^ 
with  baat  focusing,  only  a  cartaln  portion  of  tha  total  field  cross 
section  can  ba  utilised  for  tha  injaotioii  of  ions. 

Injaction  parallel  to  tha  axis 

X  y 

It  is  obsarrad  that  tha  ■axinusi  amplitude  ,  —  ara  single 

*o  ^o 

raluad  functions  of  p.  This  makes  it  possible  to  construct  lines  of 

equal  ,  instead  of  iso«p  lines,  in  the  stability  diagram  as 

*o  ^o 

showt  in  Fig.  2.7.  Sattihg  x  -  r  ,  than  x  ,  y  represent  tha  greatest 

HI  o  o  o 

distance  off  tha  field  axis  at  tha  point  of  injaction  of  the  ion  of 
stabla  trajectory,  at  whicK  this  ion,  with  the  specific  position  of  the 
operating  point  in  tha  stability  region,  can  still  trararsa  tha  quadrupole 
field,  whatarar  tha  ion's  phase  of  injaction  may  ba. 

As  tha  operating  point  is  morad  along  tha  mass  line  into  tha  stability 
region,  an  increase  in  intensity  will  result,  beginning  at  the  limit  of 
stability,  since  as  tha  distance  from  this  limit  increases,  aran  tha 
ions  entering  tha  field  farther  away  from  tha  axis  will  be  focused 
(allowable  x^  ,  y^  increase  towards  the  inner  part  of  the  stability 
diagram) . 

It  is  thus  possible  to  attain  100%  transmission  provided  the 
injection  diaphragm  is  not  too  large.  When  the  second  limit  of  stability 
is  approached  on  the  mass  line,  a  decrease  of  intensity  will  occur.  The 
resulting  observed  mass  peak,  in  this  ideal  case  will  be  a  trapezoid 
with  sides  of  unequal  slopes  and  a  flat  top  representing  the  region  of 


Xo 


r; 


p-0.9 


FIG  8  6 

ADMISSIBLE  INJECTION  CONDITIONS  FOR  DIFFERENT  OPERATING 
POINTS  a  PHASES  OF  INJECTION  (a)6=  ,rr/t  (b)f  =  3TT/4  (c)f=0 
(d)^=TT/4  y  y 
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100%.  It  Is  sssn  that  this  oasa  could  only  bo  aohioTod 

at  low  rosolring  powsrs  and/or  smII  dlaphra^as.  At  high  rosolriao 

powers,  the  lino  forw  changes  to  triangular,  the  intensity  thus  do- 

croasos  and  is  inversely  proportional  to  the  resolution. 

It  has  been  shown  that  for  a  apootfiod  and  setting  x_  >  r  , 

x,y  mo 

there  is  an  upper  lisdt  for  *  f(wt^)  for  idiich  the  ions  can  still 

traverse  the  quadrupole  field.  By  averaging  over  all  phases  of  injection, 

one  obtains  the  probability  that  a  "stable"  ion  having  initial  conditions 

»  y*  traverse  the  field.  It  is  found  that  this 

o  o  o  o 

probability  decreases  very  rapidly  above  a  certain  value  x  ,  y  idiich 

o  o 

are  a  function  of  8  and  t  . 

o 

2.9.3  Resolving  power 

It  was  previously  mentioned  that  the  resolving  power  of  the  instru* 
msnt  is  mainly  determined  by  the  slope  of  the  line  of  operation.  The 
resolving  power  can  thus  be  increased  through  increasing  the  slope  of 
this  mass  line  in  the  stability  diagram  by  appropriately  choosing  the 
ratio  U/V)  this  displaces  the  operating  point  higher  into  the  upper 
corner  of  the  stability  "triangle".  This  means,  however,  that  the 
operating  point  will  approach  very  closely  the  limit  of  stability,  with 
a  resulting  unavoiddole  Increase  in  the  maximum  amplitude  of  vibration 
of  the  stable  ions. 

In  order  to  gain  a  quantitative  appreciation  of  this  effect,  the 

maximum  amplitudes  of  vibration  of  ions,  having  defined  Initial  con- 

0 

dltlons,  were  calculated  numerically  by  Paul,  et  aL,  with  specific 
reference  to  the  position  of  the  operating  point.  They  found  that  for 
a  resolving  power  above  70,  only  the  region  0. 69  ^q  ^0,71  and 
0.23^^. 24  is  of  interest.  They  assumed  that,  in  this  region,  the 
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stability  beandsrlss  and  ths  Iso-p  linas  in  ths  stability  diagran 
oould  ba  approxiaatad  to  straight  linas  (Fig.  2.7).  Tha  rartax  of 
tha  stability  triaafla  lias  at 

-  0.70900  and  ' 


Panl^  at  al^hara  also  oaleulatad  tha  ralation  batwaan  a  and  P  ,  P 

*  J 

for  a  Talua  of  q  »  0.70600,  ithaha 

P^  B  p  eorrasponding  t9  tha  x'diraotion  Tibrational  notion 
and 


Py  ■  p  eorrasponding  to  tha  ydiraotion  Tibrational  notion. 
Tha  ralrtions  obtainad  arat 


(1-P^)^  -  (0.23699  -  a)/l. 93750 


(2.39) 


and 

P  ^  -  (0.23699  -  a)/0. 79375  .  (2.40) 

y 

Equations  (2.39)  and  (2.40)  astablish  a  ralationship  batwaan  tha 

position  of  tha  oparatinq  point  (a,q}  and  tha  raspaatira  oharaotaristio 

8 

axponants  P  and  P  .  Paul,  at  aL,  hara  also  oaloulatad  tha  raluas  for 
X  y 

3  9 

tha  coafficiants  ,  using  tha  continuad  fraction  axpansion  ' 


°2r  _  ■a/(2r^P)^  _  a^/(2r^6)^  (2r*2>9)^ 

®2r-2  l-a/(2r+p)*  l-a/(2r+2+p)* 

.  q^/(2r>2^P)^  (2rt44p)^ 

l-a/(2r  +  4  +  p)* 


with  tha  norulisation  c  >1. 

o 

Equations  (2.36),  (2.37),  (2.38)  anabla  us  to  obtain  tha  aoxiwn 
amplitudas  of  ions  haring  stabla  trajactorias  in  tha  x  and  y  diraotions 
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for  difforont  poaition*  of  tho  oparatlng  point  p,  aa  a  funotion  of  tha 
two  aata  of  initial  oonditiona  (bit^  ,  ,  ic.)  and  (wt.  ,  y  ,  y  )• 

Paul,  at  aL,  hara  oarriad  ont  tha  oalonlationa  and  tha  raanlta  ara 
rapraaantad  in  fig.  2.8. 

Fig.  2.8a  ahowa  tha  raanlta  obtainad  for  injaetion  parallal  to 

tha  fiald  axia,  i.a.^ 

i  ■  0  and  .  y«  f  0  » 

o  o  o  o 

Fig.  2.8b  ahowa  tha  caaa  of  injaetion  at  tha  fiald  axia  of  iona  haring 
radial  ralooitiaa,  i.a.^ 

X-  •  y^  •  0  and  x,  .  y^  ^  0  * 
o  o  o  o 

Ona  oan  oonoluda  from  tha  onrraa  that  x^  and  y^  inoraaaa  in  inraraa 

proportion  to  1-p  and  8  raapaotiraly. 

X  y 

Wa  will  adopt  tha  conrantian  of  naing  tha  half  width  ^  of  a 
maaa  paak  at  n  aa  a  waaoura  of  tha  raaolring  powar  aa  ahown  in  Fig. 

2.9.  Paul  and  Raathar^^  hara  obtainad  an  axpraaalon  for  tha  raaolring 
powar  in  tarwa  of  tha  paraawtar  *'a*'  whan  q  -  0.706.  Thair  raanlta 
oonld  ba  nunariaad  aa  followat 

a)  For  low  raaolring  powara,  whara  tm  ia  praotleally  aqual  to 
tha  total  llna  width 


0.178 

0.23699  -  aQ^^g 


(q  -  0.706) 


whara  aQ  la  tha  ralna  of  "a."  at  q  -  0.706. 


(2.41) 


b)  For  high  raaolring  powara,  whara  tha  paaka  baoona  triangular 
In  ahapa 


m  0.357 

tan  “  0.23699  - 


*0.706 


(2.42) 


MAXIMUM 
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(i^  is  squsl  to  half  ths  bass  width  apfirox.).  Cosdsining  oqoatiens 
(2.$9),  (2.40),  (2.41),  (2.42)  a  ralationshlp  botwaon  ^ 
and  tho  raselrinQ  powor  was  dsrlTsd  for  Injootlen  parallol  to  tho  axis 
for  high  rosolring  powsrs 


~  /l.8  *  (2.43) 

*o  ^o 

It  is,  thoroforo,  ooneladod  that  tha  ■axiansa  aaplitado  inoroasos 
only  as  tho  sgnaro  root  of  tho  rosolution;  this  is  of  iaportanoo  whan 
ona  dasiras  to  inoraasa  tha  rasolring  powar. 

Ona  also  obtains  froai  aquations  (2.39)  through  (2.42)  and  Fig.  2.4 
tha  achaissibla  radial  volooitias  of  "stabla*  ions  for  injaotion  at  tha 
axis 

Tha  ions  of  diffarant  aassas  ara  raquirad  to  raaain  a  oartain 

nuabar  *n*'  of  hicAv~fraquanoy  pariods  in  tha  fiald  in  ordar  to  onsura 

that  tha  awplituda  of  tha  *'unstabla*'  ions  will  attain  a  ralua  largor 

than  r^  ,  and  hanca  bo  rlisdnatad  at  tho  alactrodas.  This  nuabar  *'n*' 

is  a  function  of  tha  dasirad  rosolring  pOTor  and  sots  an  uppar  lisdt 

to  tha  adaissibla  injaotion  ralooity  of  tha  ions.  It  mis  found  axpari~ 

8 

BMntally  that,  for  rosolring  powsrs  around  100 

n  3.5  (a/Aa)^^*  .  (2.45) 


This  raquirasant  introducas  tha  ralationship  batwaan  tha  langth  L 
of  tha  aaso-spaetroaatar  tuba  and  tha  aooalarating  potantial.  This 
was  found  by  Raathar^^  to  ba 


L 


r 

o 


n  ( 


2  U 

acc> 
V  ’ 


1/2 


q 
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where  is  the  a<Jelereting  potential.  Thii  aeta  a  lower  Halt  to 

MO 

the  length  of  the  tnbe  for  praetieal  aoeeleratlng  potentiala. 

2.9.4  Stability  and  aoenraoy  oriterla 

The  behariour  of  the  Maa-apeotroaeter  la  detezained  largely  by 
the  poaltion  of  the  operating  point  in  the  atabllity  dlagraa.  It  la 
thua  required  that  the  paraMtera  "a"  and  q  be  atabillaed  to  approxiaately 
l/(2a/4a)of  their  ralue. 

It  followa  upon  exaalninq  the  expreaeiona  for  "a"  and  q  that  U 
and  V,  the  dc  and  rf  froquenoy  Toltage  aaplltudea  reapeetirely,  be 
atabillaed  to  better  than  l/2a/Aa  of  their  ralue.  the  liaitatlona 

on  the  frequency  u  and  the  field  radiua  r^  are  a»re  aerere  jince  they 
appear  in  the  txp>reaalon  for  *'a*'  and  q  raiaed  to  the  2nd  power. 

Short  apa'tially  lladted  Inaoouraolea  of  r^  ,  howerer,  cannot 
eacentlally  influence  the  atabllity  behariour  of  the  Iona,  ainoe  a 
diaplacenant  of  the  operating  point  in  the  atabllity  dlagraa  can  only 
be  cauaed  by  field  defecta  which  are  operatire  for  many  hlgh*frequenoy 
porioda. 
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Chapter  3 


Daaion  Caloalatlona 

In  this  chapter  the  oaloalationa  of  the  Tarlone  paraaeters  in¬ 
herent  to  the  ■aae-apeotroa»ter  will  be  presented.  The  ohoioe  of  the 
paraaeters  will  be  discussed  in  teras  of  the  requirements  set  by  the 
planned  experiments. 

3.1  Resolrinq  power  considerations 

One  of  the  great  adrantages  of  the  quadrupole-type  mass-spectrometer 
is,  as  mentioned  preriously,  the  ease  by  which  the  resolring  power  can 
be  changed  if  necessary.  A  constant  resolring  power,  on  the  other  hand, 
is  possible  irrespeotire  of  the  smss  of  the  ion  to  be  analysed. 

In  the  study  of  basic  collision  processes  in  plasmas,  besides 
identifying  the  ions  through  mass  analysis,  the  efficiency  of  the  mass 
analysing  instrument  is  of  prime  importance  since  it  is  desired  to 
detect  ion  currents  of  rery  small  ralue  (of  the  order  of  10  amps). 

The  design  of  the  mass-spectrometer  was,  therefore,  based  on  maximum 
efficiency  and  not  on  constant  resolring  power;  the  only  "resolring* 
requirement  being  that  the  peak  at  a  certain  mass  is  not  affected  by 
the  presence  of  neighboring  masses.  Theoretically,  this  means  that  the 
condition 

S  ^  ^  ' 

as  illustrated.  In  Fig.  3.1,  has  to  be  satisfied. 

Here 

m  -  mass  to  be  analysed 
Am  »  curre  width  at  1/2  the  height. 


+ 

E 


INBHdnO  NOI 


ATOMIC  WEIGHT 
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In  oenolniipn,  to  obtain  MuciMOi  eolloeting  affiolaney,  tha  ra* 
■alTlng  paiMr  will  hara  to  ba  daoraaaad  at  low  ■aaaas  for  tha  following 

raaaanti 

1.  At  high  raaolTing  pewar,  tha  intanaity  of  tha  ion  baaw 
currant  is  inTorsaly  proportional  to  tho  rosolntion. 

2.  Aeaalot’ating  potantial  oonsidarations. 

Tha  aass  spaetronatar  is  plannad  to  oparato  in  a  mss  ranga  of 

1  to  125.  Tha  fiald  radius  r.  was  ohosan  to  ba  2  o».  This  ohoioa 

was  basad  on  obtaining  a  coKprowiso  botwaon  tho  powar  raquiroMnts 

(inoraasas  with  r  and  tha  incroasa  of  toloranoas  in  initial  oon- 
o 

ditions  with  largar  r  . 

o 

5.2  Quadrupola  roltaga  and  ftaquanoy  oaloulations 

Exprassions  for  tha  raquirad  ao  and  do  voltagas  could  ba  obtainad 
froB  tha  paroMtars  "a*  and  g  as  follows  t 

Tha  axprassion  for  tha  rf  Toltaga  aaplituda  V  follows  fron 


q 


4  a  V 

■r  V 
o 


or 


V  - 


m 


2  2 
ro  «q 


Substituting 

a  ■  1.601  X  10**^®  couloads 
B  ■  9.107  X  10  X  1836  x  A  kllograB 
q  •  0.706*  , 


*Tha  calculations  ara  parfomad  assuBlng  tha  oparating  point  of  tha  mss 
spactroMtar  to  ba  at  tha  Tartax  of  tha  stability  triangla  (a  >  0.23699; 
q  -  0.706),  l.a.,  tha  rasolution  is  assuaad  to  ba  infinity  (Idaal). 


(3.1) 


V  -  7.287  r  ^  A  rolt* 
o 

idMr* 

r  Is  in  on 
o 

f  Is  In  Me/s 

A  is  ths  stimio  nsight  of  th«  ion. 

Tho  •xprossion  for  tho  do  Volts^s  U  is  dotominod  by 


s 

q 


2U 


r 


0.23198 

0.70$ 


or 


U  -  0.16784  V  , 


so  that 

U  -  1.223  r^^  f*  A  rolts  ,  (3.2) 

o 

Choioa  of  FroononcY 

Tho  nass  solootion  is  obtainod  through  rarying  oithor  tho  froquoncy 
or  tho  Toltagos  or  both.  In  this  spoetronotor,  both  tho  froquoncy  and 
Toltagos  will  bo  rariod  in  ordor  to  stabiliso  an  ion  with  spocifio  nass. 
Tho  froquoncy  will  bo  ohangod  in  stops,  thus  dotomining  tho  swss  rango 
and  tho  Toltagos  will  soloot  tho  nassos  within  tho  sot  rango. 

It  is  to  bo  notod  that  tho  rf  and  do  roltagos  should  bo  rariod 
such  that  tho  ratio  botwoon  than  rMUiins  oonstant  (U/V  >  const.)  for 
sutintaining  a  constant  resolution  of  tho  instrunont.  Tho  reason  for 
tho  sinultanoous  nonitoring  of  frequency  and  roltago  is  based  upon  tho 
high-froquoney  power  roquiroawnts  and  tho  desired  nass  rango. 

Tho  high-froquoncy  power  roquironont  for  tho  quadrupolo  syston 
was  calculated  by  Paul  at  al.^  Tho  following  expression  was  obtained! 
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.  C  r  r' 

H  -  6.5  X  lO”*  X  Q  wattt,  (3.3) 

iih«r« 

R  »  pemr  raqulrad  In  imtts 

C  ■  oapaolty  of  tho  lyatra  in  )t|if 

A  >  atoade  might  of  tho  ion 

f  •  rf  fraqaaney  in  Kc/s 

r  -  fiald  radiua  in  oa 
o 

Q  ■  quality  factor  of  tha  output  circuit. 

It  is  obsarrad,  at  first  glanca,  that  tha  raqairad  powar  is  a 
function  of  tha  fifth  power  of  tha  fraquancy*.  Sinoa  tha  aia  is  to 
aohisTs  a  wida  nass  ranga  with  raasonabla  power  and  roltaga  raqaira- 
■ents.  as  well  as  resolution,  a  detailed  inrastigation  of  tha  bahaTiour 
of  power  and  roltaga  with  atoaic  mss  and  frequency  is  necessary. 

With 

r^  «  2  CBi.,  substitution  in  aquation  (3.1)  giras 
V  -  7.287  X  4  X  f^  X  A 

■  29.148  f^  A  Tolts  .  (3.4) 

The  capacity  of  tha  systasi  is  found  axpariaantally  to  be  ap- 
proxiMtaly  100  ^^f  and  whan  choosing  a  raasonabla  ralua  for  Q 


'"This  is  only  a  first  order  approxiMtion  sinoa  tha  dialactric  constant 
of  tha  systea  changes  with  tha  introduction  of  tha  charged  particles  and 
thus  with  fraquancy.  Tha  equiralant  dialactric  constant 

ne2 

k  ■  1  -  — . .  ;  the  actual  expression  for  power  will  bat 

a 

o 

2  5  3 

N  *  A  f  -  Cj  Af  ,  iih#r#  and  Oj  ara  constantto 
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(100  Mr)«  «•  9»t 

■  -  6.5  X  lO"*  X  1.0  X  16  A*  f*  imtt* 

-  1.04  X  10“*  A*  '  (3.5) 

A  plot  of  roqvirod  Toltofoo  and  poMor  Toroaa  oteoio  A  for 

dlfforoot  frotpMRoioo  io  ohawa  in  tLg,  3.2.  It  follows  iasodiatoly  that 
In  erdar  to  attain  a  wldo  mss  sslaotlon  raii«a  with  raasonabla  rangos 
of  rf  Toltata  and  powar,  ona  ahoald  nsa  as  low  a  fraqaaney  as  posslbla. 
It  is  net  passlbla,  howowar,  to  nsa  wary  lew  fraqoanoias,  since,  in 
this  oasa  ona  has  to  insraasa  the  length  of  the  spaetroMtar  tuba  and/or 
daeroasa  the  aooaloratlng  potential  for  the  ions  in  order  to  folfill 
the  eondltion  that  the  ''vibrating*'  ions  should  rsMin  a  definite 
nunbar  of  high  fraqnansy  periods  in  the  field  to  obtain  satisfactory 
resolution.  This  point  will  be  disoussad  in  detail  in  section  3.3.  A 
eeaprooisa  was  Mda  and  the  length  of  the  tuba  was  taken  to  be  100  on. 
The  required  frequencies  are  thus 

0.5  No/s  to  eoTor  the  nass  range  12S-S0 
1.0  Me/s  to  oarer  the  mss  range  50*12 
2.0  Me/s  to  oorar  the  mss  range  12-1  * 

Under  these  oonditlons,  using  equation  (3.4)  and  (3.5),  we  find  that 
the  required  rf  power  will  rary  between  the  approxiMte  Units  of  SO 
watts  for  A  -  12  and  a  few  tenths  of  a  watt  for  hydrogen. 

The  required  rf  reltage  V  will  henee  rary  between  1450  and  116 
rolts.  The  plot  of  V  rersus  atonic  weight  A,  shown  in  Fig.  3.3  will 
serre  to  oalibrate  the  InstruMnt. 

3.3  Detexnlnation  of  naxlnnn  ion  aoolerating  potentials 

The  aoeeleratlng  potential  applied  to  the  ions  entering  the 
speetrnaeter  deternlnes,  for  a  fixed  tube  length,  the  nuniber  of  high 


5  Mc/i 


ATOMIC  MASS 


-  50 


fr«qwiie]r  p*riodii  th«  ions  rsasin  In  tho  qusdrnpolo  fiold  sinco  thoro 
is  M  fisld  foros  dirsotsd  slonv  ths  axis  of  tho  tubs.  With  roforonco 
to  shsptsr  2,  ths  ■iniMni  noissr  of  hi«h  frsqnsnoy  periods  nsosssary  to 
snsnrs  sos^sts  loss  of  nnstsbls  ions  at  tho  olootrodos  and  hones  vood  ro- 
solmtion  oas  found  oxporiaontally  to  bo^ 


n 


S.5 


Hones,  tho  drift  tim  of  tho  ion  through  tho  fiold  siust  bo  larger 
or  ogual  to  n  high  froquoney  periods.  Wo  will  now  preeood  to  obtain 
an  expression  for  tho  maxiansi  allowable  aoodlorating  potential  freai 
tho  dMoo  relation. 

Tho  Tolooity  of  a  singly  ehargod  partiolo  in  toras  of  its  energy 
in  oloetron  volts  is  given  by^ 

(A  3) 

O 

idioro 


u  is  tho  energy  in  olootren  volts 
is  tho  BMss  of  tho  hydrogen  atosi 
is  tho  MBS  of  tl  o  oloetron 
A  is  tho  atoaic  weight  of  tho  particle 
aji  *  1836  a^  . 

Total  tiao  noodod  for  n  high  froquonoy  periods  la 


Miniana 


tiM  of  ionic  flight  through  tho  quadrupolo  fiold 


T 

total 


3.5 


1/2 


sec 


-si¬ 


te  that  the  saxiatm  allowable  Telettity  of  lent  la 


V 

a 


total 


10*  Lf 
3.5  '■  ' 


1/2 


ea/aeo. 


irtiere 

L  la  the  length  of  the  field  In  aetera 
f  -  frequency  of  applied  reltage  In  Me/a. 

Henoe 


10*  L 


f 

3.5 


5.93  X  10^ 
(1836 


ae  that  the  aaxlania  accelerating  potential  la  glren  by 


.10  Lf 
^3.5  X  5.93 


) 


2 


X  1836  A 


£5 

n 


or 


0^^  -  4.26  X  10*  L*  f2  A  ^  rolta 


The  adTantage  of  lowering  the  reaolutlon  when  analyalng  low 
aaaa  Taluea  la  again  eTlient.  It  enablea  the  uae  of  a  ahorter  tube 
length,  idtile  aaintalning  an  appropriate  ralue  of  accelerating  potential. 
Moreover,  It  avolda,  the  bulklneaa  of  a  larger  twe,  hence,  cutting  down 
the  ptuaplng  and  bakeout  requireaenta.  For  L  equal  to  1  aeter,  we  have 

-  4.26  X  10*f*A  —  . 
aax  a 

The  reaolutiona  choaen,  and  hence  the  reaulting  required  accelerating 
potentiala  for  the  three  different  aaaa  rangea  are  aa  followa: 


auias  range: 

1-12 

12-50 

50-125 

reaolution: 

1:100 

1:250 

1:250 

maxiaua  accelerating 
potential  in  volts: 

18-216 

20.5-85 

21-53 
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A  plou  of  Moolorat'ng  pot«ntl«l  rorsaa  ateale  wolght  A  !•  shown  In 
Flff*  2«4* 

Nhsn  ws  tsks  ths  ■Inlmoi  condition  for  tho  rosolrlng  powor,  l.o./ 

^  i- 

■  “  2« 

no  obtain 

-  213  L^f*  Tolts  . 

Tho  SMllost  froqnonoy  nsod  is  1/2  Me/s,  so  that  for  this  froquoney 

■  53  L*  solts  . 

It  Is  soon  that  tho  choloo  of  a  lonqth  L  ssiallor  than  1  astor  wonld 
giro  rathor  low  and  i^iraetloal  ralaos  for  tho  ■axlaua  allowablo  ae« 
coloration  potential. 

3.4  Calonlatlon  of  do  yoltags  roquiriSMnts 
It  was  shown  prorionsly  that  tho  ratio 
if  a^li^  dotoradnos  tho  rosolution  of  tho  aass-spootro*' 

■otor.  In  this  oaso,  tho  rosolution  is  rariablo  in  two  stops  1x100 
for  aass  valuos  1  to  12  and  li2S0  for  mass  raluos  12  to  125. 

At  q  -  0.706,  tho  rolation  botwoon  tho  rosolution  and  tho  raluos 
of  *'a*,  for  high  rosolring  powor,  as  is  tho  caso,  was  giron  in  ohaptor 
2  as 


■_  0.3S7 

tm  “  0.23699  -  a^ 


Stop  I 


s  -100- 


0.357 


.23699  -  a, 


TIT 

0.706 


*o!706  -  0*25699  -  0.00357  -  0.23342 


80  that 


< 


SnOA  Nl  ■lVliN3iOd  9NllVa3"1303V 


ATOMIC  WEIGHT 


-  sa  - 


Thu* 

j(l)  (1)  0.1JJ4S 

-7-  ■  ~  ■  2  xVtOB  ■  • 

Snbatltutlng  th«  rang*  of  rariation  ebtalnod  for  7,  «•  find  that 
will  Tary  fro*  20  rolta  for  hydrogon  to  240  voits  for  A  ■  12. 
St*D  II 


S  -250 


0.357 

0.22699  -  4*^5 


*0*706  -  0.23699  -  0.001428  -  0.23556 


Thna 


U 


(2) 


2q 


0.23556 

1.412 


-  0.16683 


.(2) 


U'  will  thu*  rang*  from  63  rolta  for  A  >  13  to  243  rolta  for  A  >  SO 
and  from  60  rolta  for  A  >  SO  to  152  rolta  for  A  ■  125. 

3.5  Maximal  allowabl*  radial  onargy  of  th*  inj*ct*d  iona 

Th*  rariation  of  th*  allowabl*  radial  anargy  with  tha  'off  ayanatry' 
of  tha  injactad  iona  was  diaoataad  in  datail  in  chaptar  2.  Th*  rolation 
•^‘waa  illuatratad  to  b*  of  an  alliptio  natur*  and  waa  aiiawariaad  in  Pig.  2.6. 
Froai  th*  practical  point  of  riaw,  howaror,  w*  will  liadt  ouraolroa  to 
th*  caa*  of  injaction  at  th*  fiald  axia  and  ua*  th*  axpraaaion  obtainad 
by  Paul^  at  al,  for  datanaining  th*  aiaxiaiuai  allowabl*  radial  anargy  of 
th*  iona,  naaMly 


u  — 
’^laax 


Y 

15(ai/A*) 


alactron  rolta. 


whar*  V  ia  tha  rf  roltag*  amplituda 
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Thlc  quantity  rapraaants  th«  largust  amount  of  radial  anarqy  a 
*atabla**  ion  it  allowad  to  poaaaaa  whila  still  balng  foouaad  by  tha 
quadrupola  fiald.  This  point  is  rary  important  in  dasigning  tha  ion 
souroo  for  tha  attainmant  of  tha  hi(^  dagraa  of  sansltiTity  and  col> 
laotlon  afficianoy  caqulrad  in  tha  prasant  inatrumant.  Sinca  this  con¬ 
dition  la  proportional  to  tha  aj^liad  rf  voltaga,  it  bacomas  moat  aarara 
in  tha  oasa  of  hydrogan  as  in  this  oasa 


so  that 


t  -  116  Tolta 


max 


116 

15  X  100 


0.075  alactron  volts. 


It  is  saan  that  this  valua  is  rathar  small,  approximataly  twica 
tha  tfcarmal  anaygy  of  tha  ions  at  room  tmaparatura.  This  valua,  howsvar, 
is  by  no  Mans  obstructlva  sinca  tha  ion  souroa  to  ba  utlllsad  with  tha 
spactzomatar  is  a  diffusion  typa  in  which  tha  ions  diffusing  out  of  tha 
gasaous  plasma  ara  assantlally  tharmal.  Tha  ion  souroa  will  ba  discussad 
in  datail  in  chaptar  5. 

Tha  axcallant  faatura  of  tha  quadrupola  mass 'SpactroMtar,  nsMly, 
tha  varlabla  rasolvlng  powar  facility,  again  provas  to  ba  vary  advantagaous. 
Tha  maximum  allowabla  radial  anargy  could  ba  graatly  Incraasad  by  lowar* 
ing  tha  rasolution.  It  was  shown  that  a  practical  rasolvlng  powar  of 
^  2m  is  sufficlant  for  tha  studlas  plannad. 

Insartlng  this  in  tha  axprassion  for  u  ,  wa  gat 

*^max 


u 

'max 

and  from  aquation  (2.4) 


15  X  2m 


V  «  29.148  f^  A 


volts. 
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•e  that 

tt  ■  ^^30^^  ~  alactron  Tolts, 

ahara  f  la  in  Mo/s. 

It  can  raadily  ba  saan  that,  in  tha  casa  of  low  aassas,  idiara  a 
fraquanoy  of  2  Mc/s  is  aaployad,  tha  Ion  Is  allowad  to  hara  a  radial 
anargy  of  4  aw  and  will  still  raaain  stabla  in  orbit  and  thus  aff ioiantly 
dataotad. 

3.6  SuHMry 

Mass >3psetrosw tar  Spaoifioations 

r  :  t  2  OB 
o 

langtht  100  oB 


Bass  rangat 

1-12 

12-50 

50-125 

fraquanoyt 

Z.CMala 

l.OMc/s 

0.5Mc/s 

rasolring  powart 

lllOO 

It  250 

ll250 

rf  Toltagas 

116-1400 

380-1457 

364-910 

powar  oonsuBptiont 

0.6 

^0  watts 

Rafarancas 
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2.  OsksB.  H.  J.  *'PlasBa  Physics*.  Lactura  sariss  givan  at  tha  Dapart* 
Bwnt  of  Elactrioal  Enginaaring  of  tha  Unirsrsity  of  Minnasota. 


Chapter  4 


Qanaral  Daacriptlon  and  Oatllna  of  tha  Maaa-Spactroaatar 

In  tha  following  chaptara,  an  attaapt  will  ba  aada  to  illustrata 
tha  diffarant  problaaa  that  wara  anooantarad  in  tha  eonstrnotion  of  tha 
BMtaa-spaotroMtar  and  tha  affor^t  to  aolva  thaw. 

A  block  diagram  of  tha  ooaiplata  aMiaa<>apactroB»tar  ia  ahown  in 
Fig.  4.1.  Tha  iona  produoad  in  a  gaa  diacharga  tuba  ara  allofiod  to 
diffnaa  out  of  tha  plaaam  through  tha  glaaa  wall  ria  a  aamll  hole 
haring  a  diamatar  of  25  adorona  approxiantaly.  Tha  appropriata  ac» 
calarating  potantlal  la  than  appliad  to  tha  Iona  ualng  a  doubla  grid 
aftar  which  tha  iona  antar  tha  quadrupola  fiald.  Tha  output  of  tha 
quadrnpola  fiald,  rixy  tha  awaa  analyaad  Iona  cura  than  focuaad,  uaing 
a  almpla  alaotroatatic  lana,  into  tha  firat  dynoda  of  tha  ion  aiultipliar. 
Tha  foouaing  ia  raquirad  at  thia  ataga,  ainca  tha  affluent  iona  oaail'- 
lata  in  tha  quadrupola  fiald  and  hanca  hare  a  wide  exit  angle.  Tha 
aignal  currant  output  from  tha  ion  multiplier  could  either  ba  dia- 
played  on  an  oaoilloacopa  or  ba  integrated  through  a  ribrating  read 
alaotroowtar  and  tha  maaa  paaka  racordad  on  a  atrip  chart  recorder. 


FIG  41 

QUADRUPOLE  MASS  SPECTROMETER  BLOCK  DIAGRAM 


Ch«pt«r  5 


Th>  len  Souro* 

It  wM  prarieusly  Mntionad  that  tha  ■asa>-apaetr<Nwtaz  will  ba 
aaad  in  a  oaraful  study  of  tha  baaio  oollition  precasaaa  :aoau:ti!in4'  in 
aotira,  as  wall  as  in  daoaying  plasatas. 

Tha  ion  souroa,  and  tha  aaseeia^ad  vas  handling  aystaa  ara  shown 
in  Fig.  5.1  (a,b)  consists  prisMtrily  of  a  gasaous  discharga  tuba  (A), 
about  ona  inoh  in  diaaatar,  fillad  to  a  wall>dafinad  prassura  with  tha  ' 
gas  (ar  adxtura  of  gasas)  to  ba  studiad.  Tha  high  roltaga  appliad  to 
tha  tuba  produoas  a  discharga  thus  ionising  tha  gas.  A  ssiall  hola 
(B),  approxiaataly  25  idorons  in  diaaatar  paraits  tha  ions  to  diffusa 
out  of  tha  tubal  thasa  ions  ara  than  raquirad  to  ba  aass  analysad  by 
tha  spaotroBMtar.  Tha  gasaous  discharga  tuba  is  anolosad  by  a  stainlass 
staal  oylindar  which  is  saalad  to  tha  fora  and  of  tha  spactrosMtar  via 
a  gold  ring-flanga  racuun  saal.  Tha  two  ands  of  tha  gasaous  discharga 
tuba  axtand  out  of  tha  oylindar  ria  glass-kovar  aatal  saals.  Ona  and 
is  saalad  off  and  tha  othar  connacts  ria  a  ''GranTilla-Philips"  Typa 
C  ultra-high  raouust  natal  ralra  to  tha  pump  and  gas  handling  systan. 

This  systan  consists  of  a  "Consolldatad**  thraa  stags  oil  diffusion 
pump  which  is  air  coolad  and  backed  by  a  *'Canco*'  high  racuun  rotary 
maohanloal  punp.  Tha  diffusion  pump  anploys  Octoll-S  fluid. 

Tha  systan  is  bakad  out  at  350^0  for  approxinataly  12  hours  and 
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punpad  down  to  a  prassura  of  tha  order  of  10  sat  Hg  in  order  to  ensure 
that  tha  discharga  tuba  is  sufficiently  clean  before  adsdtting  any  gas. 
Tha  ralra  is  than  closed  and  tha  gas  to  ba  studiad  is  introduced  from 
tha  gas  bottles  into  tha  discharga  tuba  ria  a  leak  ralra  (C)  which  is 


NOTES 

I  PELLETS  ARE  LINDE  MOLECULAR 


adjusted  so  as  to  maintain  a  constant  gas  prassura  insida  tha  dlscharga 
ttiba.  Two  Zaollta  traps,  (D^  and  D^)  ara  placad  batwaan  ths  diffusion 
pump  and  tha  disoharga  tuba  which  sarra  to  absorb  tha  oil  moleculas 
which  arc  straaming  back  from  tha  diffusion. pump.  A  spacial  typa  of 
oil  manomatar  (E),  dasignad  by  Blondl,^  is  usad  for  maasuring  tha 
prassura  of  tha  gas  in  tha  disoharga  tube.  This  manomatar  is  okyiously 
not  bakaabla,  but  a  small  haatlng  wlra  is  isnsrsad  in  tha  oil  rasarroir 
to  dagas  tha  oil  during  bakaout. 

Tha  two  tungstan  grids  (F)  and  (6)  ara  utilizad  for  aooalarating 
the  diffusing  ions  to  tha  appropriata  anargy  raqulrad  for  afficiantly 
trararsing  tha  guadrupola  fiald. 

Grid  (6)  is  malntainad  at  ground  potantial  and  tha  positira  or 
nagatira  accalarating  potantial  for  posit ira  or  nagatira  ion  analysis 
raspaetiraly  is  appliad  to  grid  (F).  This  arrangamant  is  mada  to  obtain 
a  saro  potantial  diffaranoa  batwaan  tha  axis  of  tha  guadrupola  fiald 
and  tha  axis  of  tha  ion  baam.  This  condition  is  vary  important  for 
maximum  afflciancy  raguirsmants  bacausa  if  tha  incoming  "stabla*'  ion 
s  as  a  potantial  diffaranoa,  it  will  acquire  a  radial  anargy  which  might 
ba  largar  than  tha  ellowabla  radial  anargy,  and  hanca  will  rasult  in 
tha  loss  of  this  *t  tabla*'  ion  to  tha  alactrodas  of  tha  guadrupola  fiald. 
To  fulfill  this  condition,  tha  accalarating  fiald  is  mada  as  hoscganaous 
as  poBslbla  by  dacraaslng  tha  distanca  batwaan  tha  two  grids. 

Flgura  5.2  shows  an  anlarged  riaw  of  tha  gasaous  discharge  tuba 
tip  containing  the  hole.  The  choice  of  tha  siae  of  tha  hole  (about 
25  microns)  is  based  on  tha  raqulrssMnt  that  it  should  ba  rary  much 
smaller  than  the  thickness  of  the  plasma  sheath  in  order  not  to  dis** 
turb  the  sheath  configuration.  The  hole  is  made  by  first  sealing  a 


tung«t«n  tdr*  with  a  dlUMtwr  aqoml  to  tho  roquirod  holo  also  into  tho 
9xCM  ttibo.  Tho  tub#  wall,  at  tho  faoo  of  tho  holo,  io  thon  ground  and 
tho  wiro  It  oubaoquontlT  otehod  away.  Tho  oloctrodot  of  tho  ditehargo 
tttbo  aro  wado  out  of  Holybdonua  thootf  tho  dlaaotor  of  tho  olootrodot 
it  ono  inoh  or  lota. 

A  thoraoeouplo  proaauro  gaugo  Boaturoa  tho  foro*proaauro  of  tho 
■oohanieal  puap  and  that  aorrot  at  a  hi^  proaauro  control.  If  during 
bakoout,  for  oxal^>lo,  tho  proaauro  riaoa  aboro  a  cortain  proaot  raluo, 
tho  thoraoeouplo  potontial  (proportional  to  tho  proaauro)  riaoa  and 
tripa  a  rolay  ao  at  to  awitoh  off  tho  powor  to  tho  ovona  and  tho  dif- 
futien  puBg>.  Fignro  5.3  ahowa  tho  wiring  diagraa  for  tho  ion-aource 
raouioi  ayatoai. 
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Chapter  6 


Maohanioal  Dailcin  Oonaldaratlona 
6.1  The  quadrupola  syataa 

The  quadrapola  flald  ii  obtained  hf  four  alactrodaa  ahapad  to 

fora  an  aqui lateral  hyperbola  haring  a  ■  b  >  r  >2  on.  An  aaseadoly 

o 

of  tho  olectrode  ayatoa  ia  ahown  in  Fig.  6.1. 

Tho  outer  caaing  (A)  ia  a  atainleaa  ateel  Type  304  pipe,  6  inchea 
internal  diaaeter  and  0.128*'  wall  thiokneaa;  the  tube  ia  100  ca  long. 
Each  of  tho  four  hirperbolio  eleetrodea  la  fonaed  by  atretchlng  31 
itolybdenua  wlrea  of  0.508  am  in  dlaaeter  along  the  length  of  the 
tube)  the  eroaa  aeotion  of  each  aet  of  wirea  thereby  lying  on  an  arc 
of  the  equilateral  hyperbola.  The  wlrea  are  faatened  on  each  end  by 
aaall  atainleaa  ateel  acrewa  to  two  atainleaa  ateel  Type  303  platea 
(B)  of  the  ahape  ahown  in  Pig.  6.2.  It  ia  to  be  noted  that  each  aet 
of  diagonally  oppoaite  eleetrodea  (wirea)  are  faatened  to  the  aauM 
piste  ainoe  they  carry  the  aane  polarity  of  potential.  Thia  la  done 
in  order  to  reduce  the  allgnnent  problem  which  will  be  dlacuaaed  later. 
It  ia  intereating  to  amntion  that  the  hyperbolae  were  accurately  cut 
in  platea  (B)  by  determining  firat  the  length  of  the  hyperbolic  arc 
(which  InTolred  the  evaluation  of  an  elliptic  integral*),  thua  ac¬ 
curately  determining  the  exact  poaltion  of  each  wire  with  reapect  to 
a  ohoaen  reference  point.  The  metal  waa  thereafter  reatoved  with  the  aid 
of  a  preciae  milling  machine.  Platea  (B)  are  held  in  place  by  four 
atuda  each  to  the  apecially  ahaped  aet  of  flangea  (C).  A  total  of 


*Por  the  method  of  calculation,  the  reader  ia  referred  to  the  appendix. 


•l«ht  •talnl««s  stMl  pl«t««  (D)  thiok  ar«  fastened  aaoh  andar  a 
hyperbolic  arc  aa  dtoim  in  PI9.  6.1.  Each  plato  haa  a  aat  of  holes 
0.508  an  In  dlaaotor  Tory  aeouratoly  drilled  along  an  Identical  hyper¬ 
bolic  arc  throned  idilch  the  set  of  wires  pass.  Plates (D),  therefore, 
act  as  guides  to  the  wires  and  are  utilised  for  Tory  fine  adjustsMnts 
during  the  allgnasnt  procedure. 

Insulation  Is  achlered  using  ssuill  bushings  iMde  of  ''AlSlMagT 
■aterlal  and  were  kindly  supplied  by  the  Power  Tube  Dlrlslon  of 
General  Electric  Cbapany.  Schenectady,  New  York.  This  SMterlal  has 
the  adTantage  of  possessing  a  high  oenpresslon  strength  ccnsblned  with 
the  ability  to  withstand  hlg^  bakeout  temperatures  «dtlle  maintaining 
good  dimensional  stability. 

6.2  Admissible  orer-all  machining  and  allgnsent  tolerances 

It  Is  understood  that  the  beharlour  of  the  mass-spectrometer  Is 
largely  determined  by  the  position  of  the  operating  point  In  the  sta¬ 
bility  diagram,  l.eyby  the  parameters  '*a*'  and  g  (compare  section  2.9). 

It  follows  that  these  paraswters  must  be  stabilised  to  approximately 

(It  2m/ Am)  of  their  ralue.^  Hence,  the  field  radius  r  must  be  constant 

o 

to  better  than  (It  4m/Am).  This  sets  the  upper  limits  to  the  tolerances 
in  machining,  idtich.  In  our  specific  case  were  kept  within  +  O.CX)l  Inch; 
this  permit^  therefore,  a  maxlsnim  resolution  of  820. 

The  performaiwe  of  the  spectrometer  Is  also  determined  by  the 
degree  of  symmetry  of  the  quadrupole  field  and  especially  Its  symmetry 
about  the  tube  axis.  In  other  words,  it  Is  required,  as  preriously 
mentioned  In  chapter  Sy  that  the  axis  of  the  spectrometer  tube  be  at 
ground  potential.  This  condition  Is  approached  at  high  degrees  of 
symmetry  of  the  quadrupole  field.  In  practice,  this  Is  achlered  by 
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•tr«tahin9  •  fliw  oonduoting  wir*  along  tha  tub*  axia,  awltchlng  on  the 
do  and  rf  potantiala  and  adjusting  tha  position  of  tha  wlras  so  as  to 
obtain  a  mlnlwm  potantlal  on  tha  wira  with  raspaot  to  ground. 

6.3  Wlra  tanslon 

Tha  niblybdanuB  wlras  ara  raguirad  to  ba  undar  a  tanslon  agual  to 
approxlntataly  401  of  its  braaklng  load.  This  axplains  tha  raason  for 
choosing  molybdanum  as  a  natarial  for  tha  wlras  slnoa  It  possassas  tha 
raguirad  tans! la  strangth.  Thara  ara  two  reasons  for  applying  this 
largs  amount  of  tension,  namely, 

1.  to  keep  the  daflaotion  due  to  tha  attraotira  forces  between 
two  sets  of  adjacent  wires,  aspaoially  those  at  tha  and  of  tha  hyper- 
bolio  aros  wn..jh  ara  closest  to  each  other,  within  tha  sat  tolaranoas. 
Vfhan  oaloulating  tha  force  of  attraction  in  this  region  of  vary  high 
field  strangth,  it  is  found  that  tha  raguirad  tensile  force  is  guita 
largo,  exceeding,  in  affect,  tha  yield  strangth  of  soma  of  tha  known 
conducting  materials;  hence,  the  choice  of  molybdanum. 

2.  to  minimise  sagging  of  the  wires. 

6.4  Tha  differential  expansion  problem 

One  of  tha  basic  raguiramants,  idiich  had  to  be  taken  into  account 
in  the  design  of  tha  spactrometar,  is  tha  ability  to  bake  out  the  whole 
system  undar  racuum  at  450^0  for  a  period  of  at  least  12  hours.  This 
is  dona  to  ensure  haring  a  clean  racuum  system  idilch  is  essential  for 
reliable  interpretation  of  experimental  data.  Bakaout  presents  a 
problem  only  in  the  guadrupole  system.  Here,  tha  difference  in  tha 
thermal  coefficient  of  expansion  between  the  stainless  steel  outer  tube 
and  the  molybdenum  wires  becomes  guite  serious.  If  the  wires  are  in¬ 
stalled  and  the  system  heated,  4he  tension  on  the  wires  will  gradually 


inorMM  du«  to  th«  larger  ooaffloiant  of  oxpansion  of  stalnloaa  atoal. 

A  siaplo  oalenlatlon  ahowad  that  at  a  taaparatura  aa  low  aa  3(XPc,  the 
tenaian  beoonea  ao  large  that  It  will  exceed  the  yield  atrength  of 
laolybdeniim  reaultlng  In  a  penaanent  defomatlon  of  the  wirea.  Con- 
aequently,  idien  the  ayatem  coola  after  bakeout,  the  tenaion  on  the 
wirea  will  be  loat  and  they  will  therefore  aag.  Thia  problem  was 
studied  rery  oarofully  and  it  was  found,  unfortunately,  that  it  could 
not  be  solred  by  changing  the  SMterial  of  the  wires  because,  a  SMterial 
haring  a  higher  tensile  strength  Aike  tungsten,  say,  has  also  a  smaller 
thermal  coefficient  of  expansion.  Stainless  steel  wires,  on  the  other 
hand,  could  not  be  uaed  since  they  possess  a  high  creep  rate,  especially 
at  higher  temperatures.  Thus,  idiile  it  eliminates  the  differential 
expansion  problem  altogether,  after  a  few  bakeouts  wo  will  end  right 
where  we  started  from. 

The  problem  was  solred,  therefore,  by  deliberately  sagging  the 
wires,  baking  out  the  system  with  the  wires  sagged,  cooling  to  room 
temperature  and  then  pulling  the  wires  back  to  the  required  amount  of 
tension.  This  was  achiered  through  the  use  of  an  extra  flange  and 
bellow  (E),  fastened  to  the  tube  at  the  far  end  of  the  spectrometer 
(^ig.  6.1).  The  bellow  is  first  rigidly  fixed  in  its  neutral  state 
(neither  expanded  or  compressed).  The  wires  are  then  installed  and 
pulled  to  the  required  amount  of  tension.  Before  bakeout,  the  bellow 
is  allowed  to  contract,  thereby  sagging  the  wires,  and  is  then  pulled 
back  after  bakeout.  A  hydraulic  jack  system  will  probably  be  used  to 
measure  the  force  on  the  flange  thereby  making  it  possible  to  adjust 
the  tension  on  the  wires  after  bakeout.  This  method  adds  the  adrantage 
of  easily  adjusting  the  tension  on  the  wires  since  it  might  change  due 
to  electrical  heating  effects  or  otherwise. 
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Th«  <|Mdrupel«  systm  It  oonntettd  to  tho  Ion  tonrco  ria  a  thort 
Motion  (F)  of  atainlott  ttaal  6*  tubing  with  gold-ring  Malad  flangot 
at  thown  in  fig.  6.1.  To  antora  maxlmui  taaling  afficianoy  of  tha 
f  langat,  a  ballow  mutt  ba  intartad  wharawar  a  tat  of  two  f  langat  eon- 
naott  togathar.  Thit  ballow  rallarat  tha  atraaaaa  idiioh  wight  occur  in 
tha  flangat  if  all  oonnaetiont  wara  rigid.  Thata  atraataa  ara  tha  wain 
oauM  for  laakaga  around  tha  gold  ring. 

ThrM  aaetiont  of  S*  diawatar  tubing  ara  connactad  to  tha  wain 
aaotion  (F),  tharaby  providing  aooaat  to  tha  ayttaw.  Ona  tuba  eon- 
naeta  to  tha  waaa-apaotrowatar  puwplng  ayataw.  Tha  aaoond  tuba  la 
utilisad  for  alaetrical  wlra  inputa  and  faataning  of  grida.  Tha  third 
ttiba  ia  praaarrad  for  further  davalopwant  of  tha  atudlaa  and  way  ba 
coa(biMd  with  a  quarts  window  for  optical  riawing  of  tha  gataoua  diacharga 
in  tha  ion  aourca. 

At  tha  far  and  of  tha  apactroaMtar,  a  aiadlar  aaction  of  tubing 
connaota  tha  output  of  tha  quadrupola  ayataw  to  tha  ion  aniltipllar 
dataetion  ayataw.  Tha  porta  at  this  and  ara  again  utillMd  for  puaqjing 
and  foouaing  of  tho  affluent  iona. 

6.S  Mounting  of  tha  waaavapactronotar  ayataw 

A  deairad  feature,  which  waa  taken  into  account  in  tha  daaign  of 
tha  ayataw,  waa  aquipwent  "wobility".  Tha  antlra  waaa-spactroatatar 
ayataw  la  conatructad  to  ba  a  nobila  ayataw.  It  waa  both  plausible 
and  desirable  to  design  it  in  this  wanner  whan  taking  into  consideration 
tha  future  doTalopwants  in  our  raaaaroh  progran  which  will  require  tha 
coinblnation  of  tha  wass-spactromatar  with  other  research  aqulpwant 
for  siwultanaous  waaauramants. 
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Th«  cntir*  aystM  ia  placad  on  a  table  93*  x  38*  x  30*  high, 
whioh  la  aMda  of  *DaKlon*  alottad  angle  Iron.  The  table  haa  a  3/4* 
plywood  and  fermlea  top  and  la  anpplled  with  heary-duty  caatera. 

Kionnted  on  the  table  la  an  angle  Iron  fraaw  on  top  of  which  are  placed 
a  nnaber  of  heat  Inanlatlng  blocka  iMde  of  almlnum  filled  with  glaaa 
wool  and  corered  with  Tranalte  Mterial.  Theae  blocka  corer  the  whole 
area  of  the  table  and  act  to  inaulate  the  heat  of  t>  urena  rio^. 
botloat  part  of  the  table. 

The  aiasc  epectrooMter,  excluding  the  Ion  aource  Tacuum  and  gaa 
handling  ayatew,  la  held  abore  the  Tranalte  top  with  three  heary  U* 
ahaped  atainleaa  ateel  cupa  beoauae  of  the  low  bending  atreaa  of  the 
Tranalte.  The  cupa  holding  the  apectrometer  are  faatened  rery  rigidly 
to  two  channel**beaB  aectiona  running  lengthwlae  under  the  table  top  and 
are  in  turn  rigidly  faatened  to  the  fraaie  of  the  table. 

By  clamping  the  BMaa- apectrometer  tube  rigidly  at  the  ion  source 
end,  it  la,  therefore,  poaalble  to  allow  thermal  expanaion  of  the  tube 
during  bakeout  to  take  place  in  one  direction  only,  namely,  down  the 
tube  toward  the  detection  ayatem.  Thia  ia  done  in  order  to  preaerre 
the  critical  allgnm^’-*  of  '■^e  quadrupole  ayatem  with  the  ion  aource. 

The  ayatem  la  heated  for  ba  eout  purpoaes  through  the  uae  of  aix 
.'nrerted  U*ahaped  oven  aectiona  which  are  placed  over  the  entire  area 
of  the  table.  The  ovena  uae  ten  kilowatta  of  electric  power  to  heat  the 
maaa« apectrometer  ayatem.  The  ovena  are  divided  into  two  parta,  the 
ion  source  oven  and  mass-spectrometer  oven.  Each  of  the  two  ovens 
is  separately  controlled  by  a  *Partlow  Temperature  Control*  and  in 
addition,  each  is  supplied  with  a  cutoff  relay  system  for  switching  off 
the  oven  supplies  in  case  of  serious  pressure  rise  in  the  system.  The 


o'reult  diagrm  for  tho  OTon  control  •yatou  is  ahoim  In  Fig.  6.3 
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Chapter  7 

The  Ma««- Spectre— ter  Vacmi  3y»t— 

7.1  Pvaplng  speed  eonsiderstions 

In  the  praotleal  and  experiaental  fields  of  the  science  of  high 
Tsontn  in  general,  it  is  quite  essential  to  determine  the  "oonductiTity^ 
of  the  channels  through  idiioh  the  gases  flow.  The  conductlrity  is  de¬ 
fined  as  the  rate  of  flow  of  gas  in  cubic  centimeters  per  second  per 
unit  pressure  difference. 

Since  the  conductlrity  is  a  function  of  the  dimensions  of  the  tube, 
as  expected,  it  will  certainly  be  Influenced  by  a  sudden  change  in 
the  cross-sectional  area  of  the  tube. 

An  expression  for  the  oonduotirlty  could  be  defined  as 


where 


1 


Pi  “  P2 


(7.1) 


2 

Q  is  the  quantity  of  gas  flowing,  at  a  pressure  of  1  dyne /cm  , 

through  the  tube. 

P  is  the  conductlrity t 
1/2 

is  the  total  resistance  of  the  tube  together  with 
the  influence  of  the  end  opening. 

is  the  density  of  the  gas  at  noimal  temiserature  and  a 
2  -4 

pressure  of  1  dyne /cm  -  7.5006  x  10  nm  Hg. 

1/2 

Hence,  W^p^  represents  the  combined  ''resistance*'  of  the  tube  to 

2 

Ml^cular  streaming  at  a  pressure  of  1  dyne /cm  • 

It  has  been  shown  by  Jnanananda^  that  the  •'resistance*'  of  a  tube 
of  cylindrical  configuration  to  the  flow  of  the  gas  may  be  expressed  as 
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iih«r« 


(8n) 


172 


K  a  ^'2 
? 
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L  la  th«  langth  of  tha  tub*  In  cna 
D  la  tha  dlanatar  of  tha  tuba  In  ob. 

If  ona  and  of  tha  tuba  ba  circular  with  dlaaatar  D'  cm,  tha  total  ra* 
alatanoa  tuba,  togathar  with  tha  Influanca  of  tha  and 

opanlng,  la  glran  by^ 


^1  ''r 


(W  ♦  W»  )p 


1/2. 


6L _  ^  3.192 >  1/2 

(2n775?  ^<>1 


(7.1) 


Ranca 


F 


,2.394L  . 
'  s 


3.192 


-1 

) 


1 

7V2 


(7.3) 


It  followa  from  tha  gaa  lawa  that  tha  danalty  at  a  pxaaaura  of 
2 

1  dyna/om  la 


Pi 


M 

■  RT 


0 


whara 

M  la  tha  aolacular  waight. 

R  la  tha  unlvaraal  gaa  conatant. 

T  la  tha  taaiparatura  In  dagraaa  Ealrln. 

Tharafora, 

F  -  (is394L  ^  3al|2_j  ^  ^  (7. 

It  la  to  ba  notad  that  aquation  (7.3)  and  (7.4)  hold  only  whan  tha 
ratio  of  tha  dlamatar  of  tha  tuba  D  to  tha  aaan  fraa  path  of  the  gaa 
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■el«oal««  la  rary  s»all  (Knudaan  flow). 

Wo  will  now  preeood  to  obtain  an  oatluto  of  tho  raslatanoo  of 
tho  ttiblng  oonnoetlng  tho  aukas^spoetrooMtor  to  tho  diffuaion  puapa 
nalitg  aquation  (7.2). 

Roalatanoo  of  tuba  oonnoetlng  tho  ■aaa-apootroMotor  to  tho  hlcrtt  raouuai 
toIto . 

Iho  dlaaMtor  of  tho  tuba  la  tabon  to  bo  3  Inehoa  ■  7.S  on.  Tho 
inlot  dianotor  of  tho  toIto  la  2  Inohoa  ■  5  on.  Tho  lonqth  of  tho 


tuba  la  oatlnatod  to  bo  30  ona,  ao  that 


p  W 

1  r. 


6  X  30 

oTT 


(2n)  X  (7.5)‘ 


3.192 

(5.0)^ 


O.183pj^^^on"’  800. 


Roalatanoo  of  tubing  oonnoetlng  high  raonun  toIto  to  diffuaion  punp 
It  la  aaauawd  that  tho  roalatanoo  of  tho  ralro  whan  fully  opon 
la  nogllqlblo. 

Taking  an  oatlnatod  tuba  lonqth  of  75  oma,  wo  find 


o  W 

^1  Tg  ■  0.438  Pj*'*  «■  '*  ••Om 


1/2  “3 


Honoo,  tho  total  tuba  roalatanoo  la 


p-^^^  W  -  (0.438  +  0.183)p,^^^  -  0.621p,^^^en"®  aoo. 

^  ’’total  ^  ^ 


For  air  at  roon  tonporaturo 


PT  1/2  3 

(jj-)  2^  29  X  10"*  dyno  on  , 


Honoo 

99  T  in^  < 

F  ■  Q  “  46.7  X  10^  ■  46.7  litora/aoc. 
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of  oMtpiiwr  «p««d 

TK«  pvMplng  aptad  i«  on*  of  tho  eharaetoriatioa  of  a  raeuioi  poap. 

It  ia  dofinod  aa  followat 

Tha  poaqpinv  apaad  at  any  olTon  praaaura  la  tho  roluaa  of  gaa  ab- 
atraetod  par  unit  tiaa,  aaaaurad  at  that  praaaura,  from  an  aholoaura 
containing  gaa  at  tha  aaaw  Moan  praaaura.  Thia  dafinition,  which  ia  dua 
to  Oaada,  tllha  oonflnaa  itaalf  to  tha  apaad  at  a  glran  praaaura  inataad 
of  tha  pvmp  apaad  in  ganaral  for  all  praaauraa.  Thia  raatriction  ia 
propar,  for  in  mat  of  tha  puatpa  tha  ptaaping  apaad  rarlaa  with  tha 
rariation  of  praaaura. 

In  aooordanoa  with  tha  abora  dafinltlon,  tha  puag>  apaad  S  way  ba 
glvan  tha  praciaa  axpraaaion 

S  .  .  (7.5) 

Influanoa  of  oonnactina  tuba  arataai  upon  tha  puauplng  apaad 

Aa  a  raault  of  ''raaiatanca*'  of  tha  tuba  ayatan  aneountorad  by  tha 
gaaaoua  flow,  tha  actual  puaping  apaad  E  dapanda  not  only  upon  tha  in* 
trinalc  poaqs  apaad  S  of  tha  pt»p  but  alao  upon  tha  *'oonduetlTlty^  F. 

Tha  praaaura  p  at  tha  lowar  praaaura  taralnua  of  tha  puap  tharafora 
dlffara  froa  tha  praaaura  Pj^  in  tha  racuun  anoloaura. 

An  aquation,  axpraaaing  tha  ralation  batwaan  tha  intrinaic  pump 
apaad  S,  tha  'conductirity*  F,  and  tha  actual  pumping  apaad  E  can  aaaily 
ba  obtainad.  This  is  found  to  ba 


Upon  cloaa  obsarranoa  of  thia  axpraaaion,  ona  can  raadily  aaa  that  it 
la  important  for  an  officiant  utlllaation  of  tha  maximum  apaad  of  a 
puaqs  that  tha  dimanaiona  of  tha  connaotlng  tuba  ba  ao  choaan  that  F 
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!■  auid*  larg*  «•  praetloabl*.  If  th«  dlMnaiona  of  the  tube  eyatem 
ware,  howayer,  to  be  deteralned  by  other  oonai  lerationa,  ao  that  F  ia 
not  of  auffiolently  largo  magnitude,  it  would  be  futile  to  make  uae  of 
a  paatp  of  high  intrinaio  apeed. 

Three  air>  cooled  three  atage  glaaa  oil  diffuaion  puapa  are  uaed 
to  pump  down  the  maaa>apectroeieter  ayatM.  The  pumpa,  employing  Ootoil-S 
pumping  fluid  are  manufactured  by  Conaolidated  Electro>dynamica,  Type 
No.  6F26.  Each  punp  la  oonneoted  aeparately  to  the  ayatem  by  almilar 
tube  and  valre  arrangmaenta.  Each  pump  haa  a  apecifled  intrinaio  apeed 
of  25  lltera/aeoond.  Hence,  uaing  the  eatiiMted  conductiyity  F  of 
tubing  for  each  pump,  we  obtain  the  actual  pumping  apeed  aa 

^  25+46.7  ■  16»28  liters/aec. 

Hence,  the  total  pumping  apeed  of  the  ayatem  ia 

Etotai  “  5  X  16.28  iS  49  litera/aec. 

Thia  pumping  apeed  proyea  to  be  quite  adequate  aince  the  approximate 
total  yolume  of  the  maaa- apeetrometer  ayatMi  ia  42  litera. 

7.2  Deacription  of  the  yaouum  ayatem 

The  yacuum  ayatem  layout  ia  ahown  achematioally  in  Pig.  7.1.  The 
diffuaion  pumpa  are  backed  by  a  "Cenco  Hyperyac  25",  264  lltera/mlnute 
two  atage  rotary  mechanical  pump  tdtich  producea  a  forepreaaure  of 
about  10  ^  ami  Hg.  The  yaouum  ayatem  oonnectlona  are  yery  aimllar  to 
that  of  the  Ion  aouroe  ayatem  which  haa  been  deacribed  In  chapter  5, 
except  for  the  following  polnta  which  ahould  be  BMntlonedt 

1*  The  yalyea  ahown,  which  are  uaed  for  the  oonnectlona  between 
the  maaa<.8pectrometer  and  the  diffuaion  pumpa  are  2"  In  diameter  to 
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k««p  th«  eonduativity  of  tho  tubing  as  high  as  possibla.  Thasa  valras 
hava  baan  nawly  daralopad  by  Granrilla-Philips  CkM^>any  and  ara  ttakaabla 
up  to  4S0  dagraas  Cantigrada. 

2.  Tha  saolita  traps  ara  plaoad  on  tha  diffusion  pvuqs  sida  of 
tha  TalTa.  Tha  raason  baing  that  thasa  traps  ara  to  ba  bakad  out 
saparataly,  with  tha  ralva  olosad  for  isolating  tha  ion  aultipliar 
dataetor  fresi  any  oil  rapors  whioh,  apparantly,  ara  guita  haraful. 

3.  Tha  thraa  ion  gaugas  shown  ara  oparatad  by  ona  *Vaaoo  Typa 
R6S*A  racuum  gauga  control  panal*  using  a  ralay  switching  ■achanias 
for  Bwasuring  tha  pr^ssura  at  aaoh  ion  gangs  saparataly.  Tha  sasw 
*^aaoo*'  swasuras  tha  foraprassura  of  both  wsohanical  pusqps  through  tho 
usa  of  two  tharaocaupla  gaugas. 

4.  Hiq^  prassura  cut-off  relays  ara  also  insartad  and  ara  installed 
in  a  aannar  similar  to  that  described  in  tha  ion-sourca  racuum  systam. 

Tha  circuit  diagram  of  tha  mass>spaotroaMtar  racuum  control  panel  is 
shown  in  Fig.  7.2. 
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Chapter  8 


Daalcm  of  Elaotronlc  Anoaratna 

8.1  Elaotric  po^rar  raquiramnts  for  tha  quadrupola  ayatan 

With  rafaranca  to  chapter  3  whloh  dealt  with  tha  daaign  paraaatara 
of  tha  apactromatar,  tha  following  elaotric  powar  raquiraawnta  ware 
obtained! 

SL  Power:  Praquancy:  0.5  Me /a,  1.0  Me /a,  2.0  Me /a 
Voltage  range:  116  rolta  to  1457  rolta 
Range  of  powar  requirement:  0.6  watt a  to  50  watt a 
Stability  and  accuracy:  batter  than  +  0.1% 

DC  Power:  Voltage  range:  20  rolta  to  240  rolta 

Stability  and  accuracy:  batter  than  +0.1% 

Powar  raquiramant:  nil  . 

A  block  diagram  of  the  ooi^jonanta  uaed  in  meeting  thaaa  raquire- 
manta  ia  ahown  in  Fig.  8.1.  Thla  conaista  of  tha  following  unlta: 

1.  A  rary  stable  and  accurate  aiqnal  generator  which  ia  utilised 
for  generating  the  required  radio  frequencies.  The  generator  is  a 
iemens  Type  Rel  3W  518/c2a  lerel  oscillator*  haring  the  following 
Lpeoifioatlons: 

Frequency  range:  30  kc/s  to  15  Mc/s,  with  frequency  lock- 
in  in  100  kc/s  steps. 

Additional  incrmnantal  frequency  control,  continuously  ad¬ 
justable  from  0  to  100  kc/s. 

Maximum  frequency  error  +  2  x  10  +  300  c/s. 

Maximum  frequency  rariatlon  with  10%  line  roltage  rariation: 
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Output  1«T*1  (full  seal*  daflaotlon)  -GO  db  to  +10  db. 

Source  Impedance  can  be  awitohedi  0  to  ISO  ohms  in  atepa. 

Autoawtlo  aynohro*tunlng  ayatem. 

Frequency  aweep  facility  when  uaed  in  conjunction  with  a 
aweep  generator. 

2.  RF  Linear  amplifier 

The  output  ainuaoldal  radio  frequency  aignal  ia  fed  into  a  linear 
puah«pull  amplifier  which  ia  capable  of  delirering  up  to  170  watta  of 
radio  frequency  power  to  the  load.  A  linear  amplifier  waa  uaed  in 
order  to  eliminate  the  need  for  an  intermediate  drirlng  atage  between 
the  aignal  generator  and  the  amplifier. 

S.  Voltage  ateo-up  unit 

In  order  to  meet  the  high  rf  roltage  requirement  while  maintaining 
a  good  degree  of  atability,  the  amplifier  ia  looaely  coupled  to  the  load 
(quadrupole  ayatem)  throuc^  a  roltage  atep-up  unit.  Looae  coupling  haa 
the  adrantage  of  minimiaing  the  effect  of  load  Impedance  rariation  on 
the  amplifier.  Thla  ia  important  in  our  caaa  alnce  it  haa  been  ahown 
that  the  capacity  of  the  quadrupole  ayatem  changea  with  the  maaa  of 
the  Injected  iona.  Voltage  atep-up  ia  achiered  through  making  uae  of 
the  fact  that  the  quadrupole  ayatem  preaenta  a  oapacitire  load  to  the 
amplifier.  Therefore,  two  rariable  Inductora  are  Introduced,  aa  ahown 
in  Pig.  8.2,  which  are  utilized  to  aeriea**tune  the  circuit  while  main¬ 
taining  aynnetry  and  thus  obtaining  maximum  roltage  acroaa  the  oapacitire 
quadrupole  ayatem. 

4.  Rectifier 

It  was  seen  that  the  resolution  of  the  mass^epeotrometer  is  solely 
deteimlned  by  the  ratio  of  the  applied  dc  roltage  to  the  rf  roltage 


500  ph  0  02pf 

FIG  8.2 

STEP-UP  VOLTAGE  8  RECTIFIER  UNITS 


aunplitud*.  It  wac,  tharafora,  adrantagaona  to  ganarata  tha  raquirad 
do  Toltaga  through  raetifioation  of  tha  rf  signal  and  using  potantial 
diridars  to  obtain  tha  dasirad  ratio  as  shown  in  Pig.  8.2.  This 
■athod,  tharafora,  makas  it  possibla  to  maintain  tha  rasolution  of  tha 
spaotronatar  constant,  sinoa  any  changa  appliad  to  tha  rf  Toltaga  V  will 
produca  a  proportional  changa  in  tha  do  roltaga  U,  proTidad  tha  potantial 
diridar  sattings  ramain  unchangad. 

Two  high  roltaga  silicon  raotifiars  war#  usad  for  obtaining  posi- 
tira  and  nagatira  do  potentials  through  half  wara  raetifioation.  Tha 
dasirad  portion  of  tha  raotifiad  roltaga  is  salaotad  ria  tha  potantial 
diridars  and  and  is  than  supariaposad  on  the  rf  signal  through 
radio  fracfuanoy  ohokas  of  tha  appropriate  ralua.  Tha  oosdbinad  signal 
is  than  dallrarad  to  tha  quadrupola  system.  R^  is  a  10  kllo-ohm 
potantiomatar  which  is  adjusted  to  obtain  tha  dasirad  symaatry  of  the 
field.  R^  and  R^  are  machanloally  oouplad  in  order  to  ensure  that 
syonatry  is  maintained  while  changing  tha  rasolution  of  tha  mass-spactro* 
mater. 

8.2  Design  of  tha  rf  linear  power  amplifier 

Tha  push-pull  linear  amplifier  was  designed  using  tha  following 
raouum  tubas: 

Type:  EIMAC  4CX300A  compact  ceramic  intagral-finnad  power  tetrode. 

Maximum  plate  dissipation:  300  watts  each. 

Cooling:  Forced  air. 

Maximum  operating  frequency:  500  megacycles  par  second. 

The  most  important  characteristic  of  a  linear  amplifier  is  tha 
relationship  between  output  roltaga  and  exciting  roltaga,  since  this 
shows  the  extant  to  which  the  amplifier  is  actually  linear.  In  a 
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typioal  oharaotaristlo,  th«  ralation  batiraan  tha  two  is  quit*  linear 
up  to  a  certain  critical  exciting  Toltage,  after  which  the  output 
leTels  off  or  saturates.  The  linearity  of  the  amplifier  characteristic 
below  saturation  is  greatest  when  the  amplifier  tube  is  biased  to 
projected  cutoff  exactly.^ 

We  will  now  proceed  to  detensine  the  operating  voltages  and  cur* 
rents  of  the  amplifier  on  a  one  tube  basis,  since  in  push-pull  asqsliflers 
both  tubes  are  operating  under  identical  conditions. 

From  the  available  data  of  the  4CX300A  tube,  we  obtain  the  following 
values  t 

Astpliflcatlon  factor  (grid  to  screen)  u  «  4.6. 

Typical  do  plate  operating  voltage  -  2000  volts. 

Maximum  allowable  plate  dissipation  >  300  watts. 

DC  screen  voltage  E  -  350  volts. 

4k  8 

Peak  space  current  I  >  500  ma. 

XQAX 

Since  the  amplifier  is  to  operate  at  projected  cutoff,  the  angle  of 
plate  current  flow  20,  shown  in  the  Instantaneous  diagrams  in  Pig.  8.3, 
is  equal  to  180°.  Therefore,  the  required  dc  bias  voltage 


E  - 
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350 

4.8 


73  volts. 


The  grid  driving  voltage  E  can  now  be  taken  to  'je  70  volts.  From  the 

g 

existing  curves,  which  give  the  relation  between  the  direct  current 
I  and  the  fundamental  frequency  component  of  the  space  current  ampli- 
tude  I.  to  the  peak  amplitude  I  as  a  function  of  angle  flow,  we 

i>  XI8X 

obtain  for  0  »  90° 


I 

max 

I 
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INSTANTANEOUS  VOLTAGE  8  CURRENT  RE¬ 
LATIONS  IN  A  LINEAR  AMPLIFIER 
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ao  that 


and 


Ij^  ■  0.5  X  500  X  10**^  ■  250  «a 


r  -  0.318  X  500  X  lO"*  -  160  Ma  , 

It  la  known  that  tha  choice  of  a  low  load  ia^iadance  in  a  linear 
anplifier  extenda  ita  linearity,  but  will,  unfortunately,  alao  lower 
the  output  power  and  efficiency.  The  load  impedance  ia  choaen  to 
be  2.0  kllo-ohma. 


idiere  is  the  rf  plate  Toltage  amplitude.  Therefore, 


Ej  -  250  X  10  ^  X  2.0  X  10^  ■  500  rolta 

Output  pu«r/tub,  -  ^ 


■  62.5  watta. 


Thua,  the  total  available  power  output  from  the  amplifier  la  ec[ual  to 
125  watta.  This  value  is  quite  adequate  since  the  theoretical  power 
requirMBents,  as  calculated  in  chapter  3,  yielded  a  maximum  of  SO 
watts.  This  output  power  does,  by  no  means  represent  the  maximum 
capacity  of  the  amplifier,  since  much  larqer  powers  could  be  easily 
obtained  if  desired  as  previously  mentioned. 

Input  power  «  “  2000  x  160  x  lO”^  «  320  watts. 

Plate  dissipation  ■  320  -  62.5  •  257.5  watts. 

Thus,  the  design  is  safe. 
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Tank  oircult  d«glcm. 

Load  impedance  -  2  x  10^  -  uiUi. 

Assuming  an  effectire  Q  to  be  10, 

we  hare 

wL  -  ^  -  2  X  10^  -  200  ohms  -  ^  • 

For  a  frequency  of  0.5  Mo/e 

L  .  .  63.5nh 

TT  X  10® 

and, 

C  -  - i - T  -  1590  pf 

200  TT  10® 

For  1  Mc/e: 

L  »  32^h  and  C  ■  800  pf 

For  2  Mc/s: 

L  “  IBfih  and  C  »  400  pf* 

The  actual  circuit  diaqram  of  the  amplifier  is  shown  in  Pig.  8.4. 

The  required  control  grid  bias  Toltage  was  supplied  from  a  Tory 
stable  fixed  'TIewlett-Packard,  Type  712*'  regulated  power  supply.  The 
screen  grid  power  requirements  are  also  supplied  separately  from  the 
same  power  supply.  The  screen  roltage  is  rery  highly  regulated  and 
is  maintained  constant  with  1  x  10  ®  of  its  Talue,  thereby  ensuring 
great  stability  of  the  amplifier. 

The  plate  power  supply,  the  circuit  diagram  of  which  is  shown  in 
Fig.  8.5,  was  designed  and  built  in  the  laboratory.  It  is  capable  of 
supplying  up  to  3000  volts  at  500  ma  throuc^  the  ,use  of  a  full  wave 
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iiwroury  rapour  raetiflar.  Througfh  propar  filtering,  it  was  possible 
to  Mintain  the  ripple  below  0.5%  with  adequate  regulation.  To 
aohiere  the  required  stability,  the  enpllfler  and  power  supplies  were 
connected  to  the  line  roltage  Tia  a  special  'Sola*'  constant  Toltage 
transfomer,  which  eliminates  any  effects  due  to  line  roltage  rariation. 

Special  precautions  were  taken  in  the  construction  of  the  amplifier 
for  elimination  of  parasitic  oscillations  and  other  instability  effects. 
Adequate  forced  air  cooling  was  supplied  to  the  tubes  and  shielding 
was  adequately  employed  whererer  it  deemed  necessary.  Special  pre¬ 
cautions  are  also  taken  against  damaging  the  tubes  due  to  sudden  failure 
of  the  plate  or  grid  supply  roltages  by  using  orer*current  cutoff  re¬ 
lays. 
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Chapter  9 


The  Datactlon  Svstaa 

In  this  chapter,  an  attempt  will  be  made  to  illustrate  the  different 
methods  by  which  ions  extracted  from  a  mass- spectrometer  could  be  de* 
teoted.  The  method  suited  to  our  applications  is  thence  chosen  and 
applied  to  the  quadrupole  spectrometer.  An  eraluation  of  the  problems 
arising  with  the  method  will  be  att«apted,  together  with  suggestions 
as  to  the  methods  of  solving  them.  Unfortunately,  at  the  time  of 
writing  this  manuscript,  it  was  not  possible  to  varify  the  solution 
experimentally  but  it  is  hoped  that  clear  apprehension  of  the  problem 
would,  at  least,  be  achieved. 

9.1  Brief  outline  of  methods  of  detection 

Several  methods  have  been  developed  to  detect  the  motion  of  a  beam 
of  ions  flowing  out  of  an  analytical  instrument.  The  following  are  a 
few  of  the  more  common  and  Interesting  siethods: 

a.  Detection  by  the  use  of  a  Faraday  Cage 

This  method  has  the  advantage  of  possessing  a  high  collection 
efficiency  due  to  the  large  coverage  space  of  the  collector,  but,  un¬ 
fortunately,  is  much  less  sensitive  than  some  of  the  other  methods. 

This  method  was  used  in  some  of  the  earlier  types  of  quadrupole  mass- 
spectrometers  and  proved  to  be  successful  for  detecting  currents  in 
the  range  10  amps  to  10  amps  combined  with  an  electrometer. 

b.  The  ion-multiplier  oscilloscope  method 

This  method  combines  the  use  of  an  ion  multiplier,  which  amplifies 
the  ion  current  through  secondary  electron  emission  gain,  with  an  oscil¬ 
loscope  triggered  by  the  ion  beam.  This  method  is  very  useful  for  fast 
scanning  purposes. 
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c.  Scintillation  typ*  BMf-BpaotroftT  Ion  d«t»ctor 

This  is  a  now  and  rolatlToly  sinplo  t3rpo  of  Biass»speotronotor  Ion 

dotootor  doTolopod  by  Daly.^  The  positlwo  ions  aro  aocoleratod  through 

40  kV  and  Implngo  onto  an  aluminuiB  surfaco  rolaasing  sooondary  olootrons, 

and  those  in  turn  aro  aocoleratod  onto  an  organic  scintillator,  riowod 

by  a  soalod-off  photomultiplier.  Counting  methods  could  bo  used  to 

measure  the  intensity  of  ion  beams.  Slp'^  luo  uetuw  '  Has  a  low  noise 
-20 

lerel  (4  x  10  amp)  it  is,  therefore,  quite  sensltlTo  and  is  easily 

-18 

c'^pable  of  measuring  currents  of  the  order  of  10  amps.  Its  dls* 
advantage  lies,  however,  in  the  extremely  high  accelerating  voltage 
requirements. 

d.  The  ion-multiplier  eleotroam ter “recorder  method 

The  current  output  of  the  ion  multiplier  due  to  the  impingement 

of  the  ion  beam  on  the  first  dynode,  is  integrated  using  an  electro'* 

meter  (usually  of  the  vibrating  reed  type)  and  the  signal  is  thereafter 

recorded  on  a  strip-chart  recorder. 

Considering  that  the  normal  gain  of  an  ion  multiplier  is  of  the 
0 

order  of  10  and  that  an  electrometer  is  capable  of  easily  measuring 
currents  order  of  10  amps,  it  is  evident  that  this  method 

is  quite  sensitive  a.  so,  and  could  be  used  for  the  measurement  of 
very  low  ion  currents;  individual  ions  should,  therefore,  be  observable. 

Method  (d)  has  been  adopted  in  the  present  instrument,  together 
with  the  possible  use  of  method  (b),  for  the  basic  reason  that  it 
satisfies  high  sensitivity  requirement  together  with  the  ease  and 
simplicity  of  the  circuitry  Involved. 

9.2  The  exit  angle  problem 

It  has  been  previously  shown  that  the  ions,  while  passing  through 
the  quadrupole  system,  undergo  a  two-dimensional  oscillatory  type  of 


■otien.  On*  would  •xp*ot,  th*r*for*,  that  a  "atabl*''  Ion  upon  roaohlng 


th*  ond  of  th*  field  will  wur^*  at  an  angle  to  the  axis  depending  upon 
its  phase  of  injection.  This  is  indeed  th*  oas*  and  it  constitutes  a 
problem,  especially  since  maxiwha  collection  efficiency  is  desired.  This 
is  also  true  when  operating  at  eery  low  ion  currents  (a  few  ions  per 
second)  since  th*  indlrldual  ion  now  forms  a  measurable  portion  of  the 
beam. 

In  order  to  solve  this  problem,  two  suggestions  could  be  mad*: 

a.  Through  th*  us*  of  a  simple  electrostatic  lens  inserted  be¬ 
tween  th*  end  of  th*  quadrupol*  system  and  th*  ion  multiplier.  This 
lens,  which  is  constituted  suinly  of  two  diaphragms  having  a  potential 
difference  between  them,  will  tend  to  focus  the  diverging  beam  and 
thus  collimate  it  onto  th*  first  dynode  of  the  ion  multiplier. 

b.  Placing  the  ion  multiplier  as  close  as  possible  to  th*  exit 
of  th*  quadrupol*  system.  In  this  case,  however,  extresM  car*  has  to 
be  taken  in  shielding  the  ion  multiplier  from  th*  end  effects  of  th*  rf 
field  which  might  modulate  th*  secondary  electron  beam  and  heat  the 
multiplier  by  Induction.  A  suggested  method  to  accomplish  this  is  to 
wrap  the  ion  multiplier  in  a  slitted  metal  cylinder  thus  achieving 
shielding  and  prevention  from  Induction  heating  simultaneously. 
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Ch«pt«r  10 


Plaiwd  ApDllcttleng  of  th*  M«««»3p>otroi— tT 

At  nantloned  In  th«  introduotlon  of  this  nnuaoript,  tho  Idontlflca- 
tlon  of  Iona  it  of  priM  iaportanoo  for  a  roliablo  Intorpratatlon  of 
Craaoona  plaama  phanoMna. 

Baaido  tha  nora  comma  uaafnlnaaa  of  a  awaa-apaetroaiatar  in  tha  atady 
of  ionlaation  probabllltlaa,  appaaranea  pjotantiala^  ato.,  tha  aaaa^apactro* 
BMtar  daacribad  ia  oonatructad  apaclfically  for  linking  raaulta  obtainad 
with  othar  maauring  taohniquaa  aatabliahad  within  tha  raaaarch  group 
at  tha  DapartaMut  of  Elactrioal  Enginaaring  of  tha  Uniaaraity  of  Minnaaota. 
Tha  Biain  affort  of  thia  group  ia  diractad  towarda  tha  atudy  of  tha  phyaica 
of  diaintagrating  plaaawa.  ^onaaquantly,  a  full  apprahanaion  of  tha 
phanoaMna  InTolaad  raquiraa  coaqilation  of  tha  following  plannad  atudiaa. 

1.  Aftaralow  atudiaa 

Tha  typaa  of  iona  praaant  during  tha  aftarglow  pariod  will  ba 
idantifiad  and  thair  tiaia  rata  of  ohanga  naaaurad. 

2.  Maaa^aobilitv  ralationahipa 

Tha  nasa-apectromatar  will  ba  coabinad  with  tha  arailabla  drift 
tuba  ''apactromatar*'  for  a  conoluaira  dataraination  of  tha  ralation¬ 
ahipa  batwaan  tha  maaa  of  ion  and  ita  nobility  in  rarioua  gaaaa.  Thia 
combination  ankaa  it  alao  poaaibla  to  atudy  ion-conaaraion  phanoaana. 

For  inatanca,  an  aceurata  dataraination  of  tha  conraraion  fraquancy  for 
procaaaaa  of  tha  typa 

+  X  +  Y  -a  +  Y 
-♦  (XY)'''+  X 


is  of  prime  importance 
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Th«  gt— ■  vhleh  ar*  plannad  to  b*  atodlod  aro 

a.  Rara  aaaaa  and  thair  ■Ixturaa 

Wa  hopa  to  obtain  nora  ooncluaira  information  about  tha  propartiaa 
and  production  machanlna  of  B»lacular  ions,  aueh  at  Ha^  ,  Ha^  , 

(Haifa  ato. 

b.  HTdroctan  and  rara  aaa-hydroman  mixturaa 

Whan  studying  plasma  phanomsna  in  hydrogsn  tha  Idantif ication  of 
tha  t]rpa  of  ion  inrolrad  is  aspaoially  significant,  sinca  at  laast 
thraa  typas  of  hydrogsn  ions  axist,  nsamly,  ^2*'  ^3^*  Moraorar, 
rary  llttla  Information  is  arailabla  about  tha  propartlas  and  pro¬ 
duction  maohanisms  of  tha  composita  ions,  such  as  (HaH)^,  (NaH)^,  ate. 

3 .  Further  daTalocamnts  of  tha  mass-spactromatar 

A  study  will  ba  mada  of  tha  possibilitias  td\ich  sdght  axist  in  tha 
Improramant  of  certain  components  of  the  nass>apactromatar;  in  particular, 
tha  ion  source  design  and  tha  detection  system.  A  possibility  exists 
to  improra  tha  latter  through  tha  use  of  tha  induced  currants  at  tha 
electrodes  due  to  tha  ribration  of  tha  ions  as  a  smthod  of  detection. 
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APPENDIX 

Caloulatlon  of  th«  Arc«L>nqth  of  an  EaullatTal  HvpTbola 


Th«  •qaation  of  an  aqui lateral  hyperbola  oan  be  reduced  to  the 
simple  fomt 


2 

2  2 

X 

-  y  -  a  * 

Hence, 

X  X 

dx 

'  ’  '  ,  2  *  2,*'^  ■ 
(x  +  a  ) 

The  length  of  one  are  of  the  hyperbola  from  x«atox*x^l8 
equal  to 


L  - 


y'  (1  +  (dy/dx)^)^^^  dx 


+  (dy/dx)^)^^^  dx 


since  the  hyperbola  does  not  exist  for  x  ^  a  , 
Thus, 


L  • 


t  2  I  2 ,  2 « 

(x  /x  +a  ) 


vl/2 


dx 


Let 


,1/2 


A 


(x^ 


a^/2)/(xV) 


1/2 


dx. 


x  -  b  tan  0 
b  -  (a^/2)^^^  . 

Hence, 


x,^  ■=  b  tan  0  or  0  *  tan  ^x  /b 

u  o  o  o 

2 

also,  dx  -  b  sec  0  d0  , 

Substituting  in  the  expression  for  L,  we  get 
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t,  .jl/J  f°  .  J>‘  .wbV  <» 


b  ,a*  .  2  2,^* 

(|-  tan*0  +  a*) 


2l/*b 


X 


ItJt. 


(Ull’»  *  1  ♦  1)^'* 


jW^b  1'*°  — Hcftat 


X 


aao0  (1  +  coa^0)^^^ 


X 


JL 


o  ooa 


^0  (1  -  k^8ln^0)^^^ 


whara  k*  -  1/2 


Thia  ia  a  atandard  alliptlc  Intagral,  tha  aolution  of  ahich  la  tabulatad 

aa 


A  tan0  +  (D  -  F) 

_ o _ 


«  o 

^  “  2 

whara 

A 

(1  -  k^ 

k2 

- 

1/2 

- 

1  -  k^  -  1/2 

D 

K 

A  aln^x  dx  F  -  E 

J  1,2  i  2  .1/2  .2 

0  (1  -  k  aln  x)  '  k 

in  idilch 

F 

- 

alllptlo  Intagral  of  argunant  k  of  tha  flrat  kind 

E 

- 

elliptic  Integral  of  argrunant  k  of  tha  second  kind, 

Hanca,  tha  langth  of  tha  aro  can  ba  computad. 

In  tha  caaa  of  tha  apaotromatar  alactroda.  It  was  found  to  ba  4.6028  cm. 


